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Abstract. Motivated by the recent popularity of omnichannel service systems, we analyze 
the joint admission and scheduling control of a queueing system with two classes of custo
mers: online and walk-in. Unlike walk-in customers, online customers are given a target 
time for pick up upon placing an order. Thus, in addition to minimizing the waiting costs 
of walk-in customers and the rejection cost of both classes, we need to minimize the earli
ness and tardiness costs of online customers. Such a distinctive objective makes the control 
problem difficult to analyze. We develop a novel analysis by adopting the idea of proving 
H � λG to establish an asymptotic relationship between the waiting time cost and the 
queue length cost under general control policies in the heavy-traffic regime. We also design 
a policy and show that it is asymptotically optimal.
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1. Introduction
The rise of the mobile Internet and the recent COVID-19 
pandemic have profoundly changed the way we do busi
ness. One such change is that restaurants are now cater
ing to both walk-in and online customers (Chen et al. 
2022). Such service systems that use both physical and 
online channels are referred to as omnichannel service 
systems (Baron et al. 2023). From an operational perspec
tive, although minimizing the waiting time is still impor
tant for walk-in customers, online customers who will be 
given a promised pick-up time upon ordering have a 
completely different objective. In the restaurant industry, 
the quality of the food/beverage can degrade if it is ready 
before the arrival of online customers. Hence, online cus
tomers incur an earliness cost if the preparation of the 
food/beverage is completed before the promised pick-up 
time. On the other hand, such customers incur a tardiness 
or waiting cost if they arrive at the promised times but 
the food/beverage is not ready (Farahani et al. 2022).

Although many control policies have been designed 
and analyzed for queueing systems in the literature, few 
studies have focused on a queueing model with both 

earliness and tardiness costs (except, for example, Farahani 
et al. (2022) and Markowitz and Wein (2001)). In this note, 
we consider the dynamic control of a single-server queue 
with two classes of customers: online and walk-in. Custo
mers may be rejected by the system to avoid long waiting 
times (Baron et al. 2023). A control policy decides whether 
to reject or accept an arriving order from each class, when 
the server should idle, and which class of orders to serve 
when not idling. The goal is to minimize the long-run 
expected average cost, which consists of the earliness and 
tardiness costs of online orders, the waiting costs of walk- 
in orders, and the rejection cost of both classes.

As the objective involves the earliness/tardiness/ 
waiting costs of customers and because the waiting 
time dynamics in multiclass queueing systems are com
plicated, the joint admission and scheduling control 
problem appears to be analytically intractable. We 
resort to heavy-traffic analysis, which, although assum
ing the system operates near full capacity, has been 
demonstrated in the queueing literature (Wein 1992) to 
provide accurate approximations to the underlying sto
chastic processes. Even in the heavy-traffic framework, 
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the feature that online customers may incur either earli
ness or tardiness costs, which are functions of the wait
ing times (from order placement to order completion), 
distinguishes our problem from existing ones in the lit
erature. To the best of our knowledge, most formula
tion and analysis on the optimal control of multiclass 
queueing systems are based on queue length (or work
load) except, for example, van Mieghem (1995), which 
relies on the work-conserving property for nonidling 
policies. To tackle this challenge, we developed a novel 
analysis by adopting the idea of proving an extended 
version of Little’s law, known as H � λG (Heyman and 
Stidham 1980), in the heavy traffic setting. This allows 
us to convert the optimal control problem involving 
waiting time costs into a problem involving queue 
length costs under general control policies, without 
relying on the work-conserving property. Based on 
such a conversion, we propose a dynamic control pol
icy and establish its asymptotic optimality when the 
traffic intensity approaches one.

Indeed, our proposed policy will keep the server idle 
when the queue of online orders drops below a threshold 
and there are no walk-in customers. This is primarily due 
to the earliness cost of the online customers. It is different 
from the strategic delay proposed by Afeche (2013) in 
designing incentive-compatible and revenue-maximizing 
pricing and scheduling policies in queueing systems. The 
rationale of the strategic delay is to manipulate customers’ 
strategic service class choices. It is also different from the 
strategic idleness proposed by Baron et al. (2014, 2017) for 
service networks, where an upstream station is intention
ally idled when its downstream station has a long queue 
to reduce the probability of long waits at the downstream 
station. Our proposed policy will also reject orders from 
one class when the workload is too heavy (beyond a 
threshold). Relying on the heavy-traffic asymptotic analy
sis, we are able to characterize these thresholds for any 
given set of model parameters. Finally, for the control 
part, regarding which class to serve, our policy resembles 
the cµ type of policies developed in the literature (Cox 
and Smith 1961, Atar et al. 2010).

In terms of modeling, this note is most closely related 
to Baron et al. (2023) and Farahani et al. (2022). Baron 
et al. (2023) study the two-class omnichannel service 
systems under the first-come-first-served (FCFS) policy. 
They use a game-theoretical queueing framework to 
investigate customers’ channel choices. Farahani et al. 
(2022) study a single-class queue, focusing on online 
orders with delivery guarantees. They propose a static 
threshold policy that depends on the remaining time to 
the due date of the first customer in the queue. They 
illustrate the efficacy of this heuristic policy by deve
loping lower bounds and numerical experiments. Our 
model is also related to Armony and Maglaras (2004), in 
which some customers in a call center choose a call-back 
option with a guarantee on the maximum delay. In their 

model, serving a customer earlier than the promised 
guarantee does not incur a cost and the offered delay 
guarantee is modeled as a hard constraint.

1.1. Contributions
Our contributions are summarized as follows: 
• Formulating the dynamic control problem of an 

omnichannel service system with two classes of orders, 
with a fundamentally different cost structure than clas
sical ones.
• Establishing asymptotic relationships between the 

waiting time cost and queue length cost under general 
control policies, by adopting the idea of proving H � λG.
• Proposing and establishing the asymptotic opti

mality of a policy with both admission control and 
capacity allocation.

2. Model
Consider a single-server queue with two classes of cus
tomers. Class 1 customers correspond to online orders, 
and class 2 customers correspond to walk-in orders. We 
will use customers and orders interchangeably. For 
k ∈ {1, 2}, denote by Ek(t) the number of class k orders 
having arrived by time t, and assume the process Ek(·) �

{Ek(t); t ≥ 0} is a homogeneous Poisson process with 
rate λk. Both classes of orders may be rejected by the sys
tem manager to avoid long waiting times. Denote by 
O(·) � (Ok(·); k ∈ {1, 2}) the two-dimensional rejecting 
process, with Ok(t) being the number of class k orders 
rejected up to time t. The actual number of class k orders 
accepted by time t is then Ak(t) � Ek(t)�Ok(t):

For k ∈ {1, 2}, the service times of class k orders are 
assumed to form an independent and identically distrib
uted sequence of random variables, following an expo
nential distribution with mean 1=µk. Equivalently, 
denote by Sk(t) the number of class k service completions 
up to time t if the server was continuously serving class 
k orders in [0, t], and then Sk(·) � {Sk(t) : t ≥ 0} is a Pois
son process with rate µk. We assume that Ek(·) and 
Sk(·), k ∈ {1, 2}, are independent. Let Tk(t) denote the 
cumulative amount of time the server devotes to serving 
class k orders in [0, t], and T(·) � (Tk(·); k ∈ {1, 2}). Then, 
Sk(Tk(t)) is the number of class k orders served by time t.

The system manager controls the system by deciding 
whether and when an arriving order is rejected and 
making scheduling decisions about when and whether 
the server should idle or not and which class of orders to 
serve when not idling. Mathematically, a dynamic con
trol policy is denoted by ψ � (O, T).

We now formulate the optimal control problem. Fol
lowing Farahani et al. (2022), each online order (if 
accepted) is given a static pick-up guarantee δ, say 30 
minutes. Denote by t1,i the arrival time, and D1,i(ψ) the 
departure time, of the ith accepted online order under 
policy ψ. The due date of the ith accepted online order is 
then d1,i � t1,i + δ. Let ce and cd be the earliness and 
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tardiness costs incurred by an online order per unit of 
time, respectively. Then, the earliness/tardiness cost 
incurred by the ith accepted online order is g(D1,i(ψ)�
d1,i), where

g(x) � ce · x� + cd · x+:

Here, x+ �max(0, x) and x� �max(0, � x). Note that 
D1,i(ψ) � t1,i +w1,i(ψ), where w1,i(ψ) is the sojourn time of 
the ith accepted online order under policy ψ, and it 
includes both the time spent waiting in the queue and the 
time in service. Then, we have D1,i(ψ)� d1,i � w1,i(ψ)� δ. 
Because the number of accepted online orders during [0, t]
is A1(t), mathematically, the earliness and tardiness costs 
incurred by the accepted online orders is given by

Cψ1 (t) �
XA1(t)

i�1
g(w1,i(ψ)� δ):

On the other hand, (accepted) walk-in orders may need 
to wait, and the waiting cost of each walk-in order is 
denoted by cw per time unit. Denote by w2,i(ψ) the 
sojourn time of the ith (accepted) walk-in order under 
policy ψ. Then, the total waiting costs incurred by the 
accepted walk-in orders is given by

Cψ2 (t) �
XA2(t)

i�1
cw ·w2,i(ψ):

Finally, we assume each rejected class k order incurs a 
cost θk > 0; hence, the total cost of rejecting both classes 
of orders by time t is 

P2
k�1 θkOk(t).

Then, for a given policy ψ, the total expected cost 
incurred by time t is

V(t, ν,ψ) :� Eν Cψ1 (t) + Cψ2 (t) +
X2

k�1
θkOk(t)

 !

� Eν
XA1(t)

i�1
g(w1,i(ψ)� δ) +

XA2(t)

i�1
cw · w2,i(ψ)

 

+
X2

k�1
θkOk(t)

!

, (1) 

where the expectation is taken with respect to ν, the dis
tribution of the initial system state that will be discussed 
in the following. The goal of the system manager is to 
find the optimal policy to minimize the long run average 
cost. Formally, we aim to solve the following problem:

inf
ψ∈Π

Cψ :� lim sup
t→∞

1
t

V(t, ν,ψ)
� �

, (2) 

where Π denotes the set of all feasible Markov control 
policies to be defined later. The cost V(t,ν,ψ) involves 
the nonlinear functions of the waiting times. This is 
different from most of the existing literature on the 
dynamic control of multiclass queueing systems, in 
which the control formulation is based on the queue 
length (or workload). Generally, in multiclass queueing 

systems, the waiting time dynamics, which depend on 
future actions, are much more complicated than those of 
the queue lengths.

We now describe the system state process and define 
feasible Markov control policies. Under a control policy ψ, 
denote by Qψk (t) the queue length of class k orders (includ
ing the one in service, if any) at time t, for k ∈ {1, 2}. For 
brevity, when the policy is clear from the context, we will 
drop the notation ψ. Denote by C(t) the order class that is 
currently in service. That is, C(t) � k means the system is 
serving a class k order at time t for k � 1, 2, and C(t) � 0 
means the system is idle. The system state process is X(·) �
{X(t); t ≥ 0}with X(t) � (Q1(t), Q2(t), C(t)).

Denote the process I(·) � {I(t); t ≥ 0}, with I(t) �
t�
P2

k�1 Tk(t) for t ≥ 0, which is the cumulative idle time 
of the system by time t. We also introduce a process 
ξ(·) � (ξk(·), k ∈ {1, 2})with ξk(·) � {ξk(t); t ≥ 0}, in which 
ξk(s�) indicates the rejecting decision for a virtual new 
class k order arriving at time s: If ξk(s�) � 1 and a class k 
order arrives at s, then that order is rejected; if ξk(s�) � 0, 
then that order is accepted. Here, we use ξk(s�) to indi
cate that the decision is made with the information before 
time s. Then, we have Ok(t) �

R t
0ξk(s�)dEk(s): Hence, the 

control of the rejecting process O(·) is via ξ(·).

Definition 1. A control policy ψ � (O, T) is said to be a 
feasible Markov control policy if it is nonanticipating 
with respect to X(·) and 

1. I(·), T(·), O(·) are nondecreasing with I(0) � T(0) �
O(0) � 0,

2. I(·), T(·) are continuous, and
3. ξ(t) can be represented as a measurable function of 

X(t).

For notational brevity, we use ξ(·) to denote the corre
sponding measurable function, that is, ξ(t) � ξ(X(t)). 
One can readily see that under a feasible Markov control 
policy, the system state process X(·) is a continuous-time 
Markov chain with a countable state space S � Z2

+ ×

{0, 1, 2}.

3. Heavy-Traffic Framework
We consider a sequence of queueing systems as before, 
indexed by n ∈ N, in the conventional heavy traffic regime. 
The relevant parameters and processes in the nth system 
will be appended with a superscript n. We assume the 
arrival rate of class k orders in the nth system is

λn
k � nλk +

ffiffiffi
n
√
βk, 

for some βk ∈ R, and the service rate is µn
k � nµk, where 

λ1=µ1 +λ2=µ2 � 1: The system state process in the nth 
system is denoted by Xn(·) � {Xn(t) :� (Qn

1(t), Qn
2(t), Cn 

(t)); t ≥ 0}, whose initial state Xn(0) follows distribution 
νn. The control in the nth system is denoted by 
ψn � (On, Tn), in which Tn

k records the time allocated to 
serving class k orders, and On

k denotes the number of 
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class k orders rejected. We will focus on feasible Markov 
control policies.

Assume that the rejection cost rate θn
k , the waiting cost 

of walk-in orders cn
w, the earliness/tardiness cost of 

online orders gn(x), and the pick-up guarantee δn vary 
with n as follows:

θn
k �
θk
ffiffiffi
n
√ , cn

w �
cw
ffiffiffi
n
√ , gn(x) � 1

n
g

ffiffiffi
n
√

x
� �

�
g(x)
ffiffiffi
n
√ , δn �

δ
ffiffiffi
n
√ :

Denote by An
k (t) the number of class k orders accepted 

by time t. Then, from (1), the expected cumulative cost 
associated with policy ψn by time t is

eV
n
(t,νn,ψn)�Eνn

XA
n
1 (t)

i�1
gn(wn

1,i(ψ
n)�δn)+

XA
n
2 (t)

i�1
cn

w ·w
n
2,i(ψ

n)

0

@

+
X2

k�1
θn

k On
k (t)

!

�Eνn

 
XA

n
1 (t)

i�1

1
n

g ewn
1,i(ψ

n)�δ
� �

+
XA

n
2 (t)

i�1

1
n

cw · ewn
2,i(ψ

n)+
X2

k�1
θkeO

n
k (t)

!

, (3) 

where ewn
k,i(ψ

n) �
ffiffiffi
n
√
·wn

k,i(ψ
n) and eO

n
k (t) �

On
k (t)ffiffi
n
√ for k �

1, 2: The long-run average cost for a given control policy 
ψn is then given by

eV
n
(νn,ψn) :� lim sup

t→∞

1
t
eV

n
(t,νn,ψn):

We call a sequence of polices {ψn} admissible if, for each 
n, ψn ∈Πn, where Πn denotes the set of feasible Markov 
control policies for the nth system.

Definition 2. (Asymptotic Optimality). A sequence of 
polices {ψn

∗ } is asymptotically optimal if it is admissible, and 
for any other admissible sequence of policies {ψn},

lim inf
n→∞

eV
n
(νn,ψn) ≥ lim sup

n→∞
eV

n
(νn,ψn

∗
), 

for any sequence of initial distributions {νn}.

4. Analysis and Main Results
In this section, we propose a sequence of control policies 
and establish its asymptotic optimality.

4.1. Proposed Policies
We first introduce an ordinary differential equation 
(ODE) that identifies several parameters of the proposed 
policies. To this end, we first define for x ∈ R+,

f1(x) � ce(x�λ1δ)
�
+ cd(x�λ1δ)

+
� g(x�λ1δ), and

f2(x) � cwx: (4) 

For each y ≥� λ1δ
µ1

, consider the following minimization 
problem:

h(y) :� min
(x1,x2)∈R2

+

X2

k�1
fk(xk) s:t: x1�λ1δ

µ1
+

x2

µ2
� y:

(5) 

One can readily verify that h(y) �min{cdµ1, cwµ2} ·

y1{y>0}� ceµ1y1
�
λ1δ
µ1
≤y≤0

n o:

We also define the effective rejecting cost κ as follows 
(if θ1µ1 � θ2µ2, let i∗ � 1.):

i∗ � argmin θkµk : k � 1, 2
� �

and κ � θi∗ ·µi∗ : (6) 

We can show the following result, the proof of which is 
deferred to Section 5.

Lemma 1. Let σ2 �
P2

k�1
2λk
µ2

k
. Then, there exist unique con

stants l∗ ∈ � λ1δ
µ1

, 0
h �

, u∗ > 0, γ∗ > 0 and a unique (up to an 

additive constant) real-valued function Φ ∈ C2 � λ1δ
µ1

,∞
h �� �

satisfying the differential equation:

σ2

2 Φ
′′(x) +

X2

k�1

βk
µk
Φ′(x) + h(x) � γ∗, x ∈ (l∗, u∗), (7) 

and Φ′(x) ∈ [0,κ] for x ≥� λ1δ
µ1

, Φ′(x) � 0 for x ∈ � λ1δ
µ1

, l∗
h i

, 
Φ′(x) � κ for x ≥ u∗, and Φ′′(x) � 0 for x ∉ (l∗, u∗). As a con
sequence, there exists a positive constant C such that for any 
x ≥� λ1δ

µ1
,

σ2

2 Φ
′′(x) +

X2

k�1

βk
µk
Φ′(x) + h(x) ≥ γ∗, (8) 

0 ≤Φ′(x) ≤ κ, |Φ′′(x)| ≤ C: (9) 

Additionally, Φ′′′(x) exists almost everywhere and |Φ′′′
(x)| ≤ C whenever it exists.

Equation (7) is a first-order linear ODE for the unknown 
function Φ′(·). Note that γ∗ and the boundary points l∗
and u∗ of ODE (7) are unknown and need to be deter
mined; hence, this type of ODE is called a free bound
ary ODE in the literature (Dai and Yao 2013). Based on 
the proof of Lemma 1, this free-boundary ODE can be 
solved numerically by searching the two parameters 
(γ, w0) in the associated initial value problem in (35) so 
that its solution has a maximal value κ on [0,∞) and a 
minimal value of zero on � λ1δ

µ1
, 0

h i
.

Remark 1. We summarize how the ODE in Lemma 1
will be used. We use Inequalities (8) and (9) to obtain 
a lower bound result (for general admissible policies) 
in Proposition 1. Specifically, Equation (8) is used to 
bound Ψ1 in (30), and Equation (9) is used to bound 
Ψ2 in (31) and Ψ3 in (32). On the other hand, we apply 
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Equation (7) together with the boundary conditions 
for Φ to analyze the proposed policies in the proof of 
Proposition 2. In particular, Equation (7) is used to 
bound Ψ1, and the boundary conditions are used to 
bound Ψ2 and Ψ3.

To describe the proposed policy, define the diffusion- 
scaled queue-length processes eQ

n
(·) � {(eQ

n
1(t), eQ

n
2(t));

t ≥ 0} and the nominal workload process eW
n
(·) � { eW

n 

(t); t ≥ 0}with

eQ
n
k (t) �

Qn
k (t)ffiffiffi
n
√ , k � 1, 2, and

eW
n
(t) :�

eQ
n
1(t)�λ1δ

µ1
+
eQ

n
2(t)
µ2

, for t ≥ 0: (10) 

We now propose a sequence of feasible Markov control 
policies {ψn

∗
} with ψn

∗
applied to the nth system. The 

details of the policy ψn
∗

are as follows, with l∗ < 0 < u∗
given in Lemma 1: 
• Order rejection policy: Reject a new arriving class i∗

order at time t if eW
n
(t) ≥ u∗, and do not reject any new 

order otherwise.
• Server scheduling policy: The service discipline 

within each class is FCFS, and 
1. If Q̃n

1 (t)�λ1δ
µ1

< l∗: serve class 2 orders if eQ
n
2(t) > 0, 

and keep the server idle if eQ
n
2(t) � 0.

2. If Q̃
n
1 (t)�λ1δ
µ1

≥ l∗: 
(a) If eQ

n
2(t) � 0, then serve class 1 orders.

(b) If Q̃n
1 (t)�λ1δ
µ1

≤ 0 and eQ
n
2(t) > 0, then serve 

class 2 orders.
(c) Otherwise, serve a class 1 order if cdµ1 ≥

cwµ2, and serve a class 2 order if cdµ1 < cwµ2.

Remark 2. Class i∗ in (6) depends on the rejection cost 
rate θk for k � 1, 2. In reality, it may be more expensive 
to reject walk-in customers. Hence, it is likely that i∗
would be class 1; that is, it is preferable to reject online 
customers. Therefore, the proposed order rejection 
policy is consistent with the practice. See Baron et al. 
(2023) for an example where a tea shop only rejects 
online orders when the local store is overwhelmed by 
waiting orders.

We will append a subscript ∗ to processes under the 
proposed policy ψn

∗ .

Theorem 1. The sequence of policies {ψn
∗ } is asymptoti

cally optimal.

The key step in the proof of Theorem 1 is to convert 
the optimal control problem involving waiting times to 
the one involving queue lengths (Theorem 2). We then 
adopt the framework in Gao and Huang (2023) to ana
lyze the problem with queue lengths (see Section 4.3). 
Our proposed policy is only asymptotically optimal. If 

the heavy-traffic assumptions are violated, then it may 
not work well.

4.2. From Waiting Times to Queue Lengths
Given a policy ψn and an initial distribution νn, we intro
duce

eG
n
(t, νn,ψn) :� Eνn

"
X2

k�1

Z t

0
fk(eQ

n
k (s))ds +

X2

k�1
θk eO

n
k (t)

#

,

(11) 

where f1 and f2 are given in (4). The following result 
shows that the cost eV

n
(t,νn,ψn) in (3) is close to 

eG
n
(t,νn,ψn); hence, the original control problem can be 

converted to one involving queue lengths. The key idea 
in its proof is based on adapting H � λG (Heyman and 
Stidham 1980) in the heavy-traffic setting. There are two 
major technical challenges: (1) constructing appropriate 
functions to connect the earliness/tardiness costs with 
certain queue statistics for accepted class 1 orders (see, 
e.g., (16)–(17)), and (2) analyzing and bounding the 
expected number of accepted and rejected class 1 orders.

Theorem 2. There exist constants C1, C2 > 0, such that 
(a) For any admissible sequence of policies {ψn}, we have

liminf
n→∞

liminf
t→∞

1
t

1+ C1
ffiffiffi
n
√

� �

eV
n
(t,νn,ψn)� eG

n
(t,νn,ψn)

� �

≥0:

(12) 

(b) For any admissible sequence of policies {φn} such that 
there exists a unique stationary distribution of Xn(·) under 
the policy φn for large enough n, we have

lim sup
n→∞

lim sup
t→∞

1
t
eV

n
(t,νn,φn)� 1+ C2

ffiffiffi
n
√

� �

eG
n
(t,νn,φn)

� �

≤ 0: (13) 

Proof of Theorem 2. We first note that x+ � x+ x�, 
An

1(t) � En
1(t)�On

1(t) and E En
1 (t)
n

h i
� λ1t+ β1ffiffi

n
√ t. Using (3) 

and (11), we can reorganize the terms and get
eV

n
(t,νn,ψn)� eG

n
(t,νn,ψn)� (ce+cd)e∆

n
0(t,ν

n,ψn)

+cdδ
n
�

�β1t+Eνn

�

eO
n
1(t)
��

+cde∆
n
1(t,ν

n,ψn)+cwe∆
n
2(t,ν

n,ψn),
(14) 

where δn � δ=
ffiffiffi
n
√

and

e∆
n
0(t,ν

n,ψn)�Eνn

"
XA

n
1 (t)

i�1

1
n
ewn

1,i(ψ
n)�δ

� ��
�

Z t

0
(eQ

n
1(s)�λ1δ)

�ds

#

,

e∆
n
k (t,ν

n,ψn)�Eνn

"
XA

n
k (t)

i�1

1
n
ewn

k,i(ψ
n)�

Z t

0
eQ

n
k (s)ds

#

, for k�1,2:

For any admissible policy ψn for the nth system, we 
define for each sample path ω and s ≥ 0 with fn

i (ω, s) �
1 if tn

1,i + δ
n >D1,i(ψ

n) and s ∈ (D1,i(ψ
n), tn

1,i + δ
n), and 
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fn
i (ω, s) � 0 otherwise. One can then readily verify that

gn
i (ω) :�

Z ∞

0
fn

i (ω, s)ds � [D1,i(ψ
n)� (tn

1,i + δ
n)]�

� [wn
1,i(ψ

n)� δn]�: (15) 

One can also verify that

hn(ω, s) :�
X∞

i�1
fn

i (ω, s) ≥ [An
1(s)� An

1(s� δ
n)�Qn

1(s)]
+

� [Qn
1(s)� (A

n
1(s)� An

1(s� δ
n))]�, (16) 

and the inequality becomes an equality if the service dis
cipline is FCFS. Note that (16) holds because hn(ω, s) is 
the number of class 1 orders who arrive during (s�
δn, s] but are not in the system at time s. Equation (16) 
plays an important role in proving Theorem 2.

We first prove (12). Using (15), (16), and equation 
(3) in Heyman and Stidham (1980),

XA
n
1 (t)

i�1
(wn

1,i(ψ
n)�δn)�≥

Z t

0
(Qn

1(s)�(An
1(s)�An

1(s�δ
n)))�ds:

(17) 

As a result,
e∆

n
0(t, ν

n,ψn)

≥ �Eνn

Z t

0

1
ffiffiffi
n
√ (An

1(s)� An
1(s� δ

n))� λ1δ

�
�
�
�

�
�
�
�ds

� �

≥ �Eνn

Z t

0

1
ffiffiffi
n
√ (En

1(s)� En
1(s� δ

n))� λ1δ

�
�
�
�

�
�
�
�ds

� �

�Eνn
1
ffiffiffi
n
√

Z t

0
On

1(s)�On
1(s� δ

n)
�
�

�
�ds

� �

≥ �Eνn

Z t

0

1
ffiffiffi
n
√ (En

1(s)� En
1(s� δ

n))� λ1δ

�
�
�
�

�
�
�
�ds

� �

� δnEνn

�

eO
n
1(t)
�

, (18) 

where En
1(u) :� 0 and On

1(u) :� 0 if u < 0, and we used the 
definition An

1(t) � En
1(t)�On

1(t) for t ≥ 0, and the fact 
that

Z t

0
|(On

1(s)�On
1(s� δ

n))|ds �
Z t

0

Z s

s�δn
dOn

1(u)ds

≤

Z t

0

Z u+δn

u
dsdOn

1(u)

� δnOn
1(t):

Note that (18) holds regardless of the service discipline.
In addition, from lemma 1 in Stidham (1974), we have 

PAn
k (t)

i�1 wn
k,i(ψ

n) ≥
R t

0Qn
k (s)ds for each class k � 1, 2, which 

immediately implies that

e∆
n
k (t,νn,ψn) ≥ 0, for k � 1, 2: (19) 

Using Inequalities (18) and (19), we then infer from (14) that
eV

n
(t, νn,ψn)� eG

n
(t, νn,ψn)

≥ �(ce + cd)Eνn

Z t

0

1
ffiffiffi
n
√ (En

1(s)� En
1(s� δ

n))� λ1δ

�
�
�
�

�
�
�
�ds

� �

� cdδ
nβ1t� ceδ

nEνn

�

eO
n
1(t)
�

:

By Definition (3), we have Eνn[δneO
n
1(t)] ≤ δffiffi

n
√ 1
θ1
eV

n
(t, 

νn,ψn). It follows that

1+ δce
ffiffiffi
n
√
θ1

� �

eV
n
(t,νn,ψn)� eG

n
(t,νn,ψn)

≥�(ce+cd)
1
ffiffiffi
n
√ Eνn

Z t

0
|(En

1(s)�En
1(s�δ

n))�λ1
ffiffiffi
n
√
δ|ds

� �

� cdδ
nβ1t: (20) 

Because En
1(·) is a Poisson process with rate λn

1 � λ1n+ffiffiffi
n
√
β1 and δn � δ=

ffiffiffi
n
√

, we have

lim
n→∞

lim
t→∞

1
ffiffiffi
n
√

1
tEν

n

Z t

0
|(En

1(s)�En
1(s�δ

n))�λ1
ffiffiffi
n
√
δ|ds

� �

�0:

(21) 
Thus, we immediately obtain (12) from (20).

We next prove (13). If t ≥ tn
1,i + δ

n, then fn
i (ω, s) � 0 for 

s ≥ t, and hence 
R t

0fn
i (ω, s)ds �

R∞
0 fn

i (ω, s)ds. Thus, we have
Z t

0
hn(ω, s)ds ≥

X

tn
1,i≤t�δn

Z t

0
fn

i (ω, s)ds

�
X

tn
1,i≤t�δn

Z ∞

0
fn

i (ω, s)ds �
X

tn
1,i≤t�δn

gn
i (ω):

It then follows from (15) and (16) that
e∆

n
0(t, νn,φn)

� Eνn

"
XA

n
1 (t)

i�1

1
n(
ewn

1,i(φ
n)� δ)� �

1
ffiffiffi
n
√

Z t

0
(Qn

1(s)� (A
n
1(s)

�An
1(s� δ

n)))�ds
#

+Eνn

"
1
ffiffiffi
n
√

Z t

0
(Qn

1(s)� (A
n
1(s)� An

1(s� δ
n)))�ds

�

Z t

0
(eQ

n
1(s)� λ1δ)

�ds
#

≤ Eνn

XA
n
1 (t)

i�An
1 (t�δ

n)+1

1
n
ewn

1,i(φ
n)� δ

� ��
2

4

3

5

+Eνn

�Z t

0

1
ffiffiffi
n
√ (En

1(s)� En
1(s� δ

n))� λ1δ

�
�
�
�

�
�
�
�ds
�

+ δnEνn

�

eO
n
1(t)
�

≤ Eνn

�
δ(An

1(t)� An
1(t� δ

n))

n

�

+Eνn

�Z t

0

1
ffiffiffi
n
√ (En

1(s)� En
1(s� δ

n))� λ1δ

�
�
�
�

�
�
�
�ds
�

+ δnEνn

�

eO
n
1(t)
�

, 
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where in the first inequality we apply a similar argu
ment as in (18). We can then infer that
eV

n
(t,νn,φn)� eG

n
(t,νn,φn)

≤(ce+cd)Eνn
δ(An

1(t)�An
1(t�δ

n))

n

� �

�cdδ
nβ1t

+(ce+cd)Eνn

Z t

0

1
ffiffiffi
n
√ (En

1(s)�En
1(s�δ

n))�λ1δ

�
�
�
�

�
�
�
�ds

� �

+(ce+2cd)δ
nEνn

�

eO
n
1(t)
�

+cde∆
n
1(t,ν

n,ψn)+cwe∆
n
2(t,ν

n,ψn):

By (11), we have Eνn[δneO
n
1(t)] ≤ δffiffi

n
√ 1
θ1
eG

n
(t,νn,φn). More

over, we can compute that Eνn An
1(t)�An

1(t� δ
n)

� �
≤

Eνn En
1(t)�En

1(t� δ
n)

� �
� (λ1n+ β

ffiffiffi
n
√
) · δffiffin
√ : Hence,

eV
n
(t,νn,φn)� 1+ δ(ce + 2cd)

ffiffiffi
n
√
θ1

� �

eG
n
(t,νn,φn)

≤ (ce + cd) · (λ1 + β=
ffiffiffi
n
√
) ·
δ2
ffiffiffi
n
√

+ (ce + cd)Eνn

Z t

0

1
ffiffiffi
n
√ (En

1(s)�En
1(s� δ

n))�λ1δ

�
�
�
�

�
�
�
�ds

� �

� cdδβ1t=
ffiffiffi
n
√
+ cde∆

n
1(t,νn,ψn) + cwe∆

n
2(t,νn,ψn):

(22) 
Because Xn(·) has a unique stationary distribution 
under the policy φn for large enough n, we can obtain 
from Little’s law for stationary systems (Serfozo 2012, 
chapter 6.4) that

lim
t→∞

1
t
e∆

n
k (t,νn,φn) � 0, for k � 1, 2:

By combining (21), we deduce from (22) that (13) holds. 
This completes the proof. w

4.3. Analysis of the Problem Involving the Cost 
of Queue Lengths

From Theorem 2, we can focus on the analysis of the 
expected total cost (11) that involves the cost of queue 
lengths. For fixed n, the control problem involving (11) 
has a similar structure to the problem in Benjaafar et al. 
(2010), where they consider the optimal control of a 
production-inventory system with both backorders and 
lost sales. It can also be formulated as a continuous time 
Markov decision process (MDP) and numerically solved, 
for example, by policy iteration. However, computing 
such an MDP policy is computationally expensive in gen
eral. In this note, we develop the policy ψn

∗
, which is 

asymptotically optimal in heavy traffic and easier to com
pute and implement. We also emphasize that our original 
control problem has an objective that involves the earli
ness/tardiness/waiting costs of customers, and this 
problem cannot be directly studied using MDP because 
the dynamics of the waiting times depend on future 
decisions.

Proposition 1 shows that γ∗ in Lemma 1 serves as a 
lower bound for the long-run average cost under any 
admissible sequence of control policies {ψn} and initial 
distributions {νn}. Proposition 2 shows that the long-run 
average cost under the proposed policy is asymptoti
cally γ∗. The proofs of these two results are deferred to 
Section 5.

Proposition 1. For any admissible sequence of control pol
icies {ψn} and initial distributions {νn}, we have

limsup
n→∞

lim sup
t→∞

1
t
eG

n
(t,νn,ψn) ≥ γ∗: (23) 

Proposition 2. Under the proposed sequence of policies 
{ψn
∗
}, there exists a unique stationary distribution of Xn

∗ (·)

for large enough n, and

lim
n→∞

lim
t→∞

1
t
eG

n
(t,νn,ψn

∗ ) � γ
∗: (24) 

Theorem 1 easily follows from Theorem 2 and Proposi
tions 1 and 2.

5. Additional Proofs
In this section, we collect the proofs of Propositions 1
and 2 and Lemma 1. For the sake of notational simplic
ity, in the following proofs, we denote by C the generic 
positive constants that are independent of n, although 
the value of C may differ from line to line.

5.1. Proofs of Propositions 1 and 2
The proofs of Proposition 1 and 2 are similar to the 
proofs of theorems 2 and 1 in Gao and Huang (2023); 
therefore, we have only outlined the key steps.

We first describe the dynamic equations of the diffusion- 
scaled queue length processes eQ

n
(·) � {(eQ

n
1(t), eQ

n
2(t));

t ≥ 0} and the nominal workload process eW
n
(·) � { eW

n
(t);

t ≥ 0} defined in (10). Define ρk � λk=µk to be the nominal 
workload of class k orders for k � 1, 2. Let

eX
n
k (t) �

Sn
k (Tn

k (t))�µn
k Tn

k (t)ffiffiffi
n
√ �

En
k (t)�λ

n
k t

ffiffiffi
n
√ , and

eY
n
k (t) �

ffiffiffi
n
√
(ρkt�Tn

k (t)): (25) 

Then, the dynamics of eQ
n 

under a control policy ψn is 
�

recall that eO
n
k (t) �

On
k (t)ffiffi
n
√

�
:

eQ
n
k (t) � eQ

n
k (0)�

Sn
k (Tn

k (t))ffiffiffi
n
√ +

En
k (t)ffiffiffi

n
√ � eO

n
k (t)

� eQ
n
k (0)� eX

n
k (t) +µk

eY
n
k (t) + βkt� eO

n
k (t): (26) 

Define eI
n
(t) :�

P2
k�1
eY

n
k (t). Using 

P2
k�1 ρk � 1, one has 

eI
n
(t) �

ffiffiffi
n
√

t�
P2

k�1 Tn
k (t)

� �
�

ffiffiffi
n
√

In(t), where In(·) is the 
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cumulative idle time process. Then, from (10) and (26), 
for t ≥ 0,

eW
n
(t) � eW

n
(0)� eX

n
(t) +eI

n
(t) +

X2

k�1

βk
µk

t� eO
n
(t), (27) 

in which

eX
n
(t) :�

X2

k�1

eX
n
k (t)
µk

and eO
n
(t) :�

X2

k�1

eO
n
k (t)
µk

: (28) 

We apply Ito’s formula, with Φ in Lemma 1, to the semi
martingale eW

n 
in (27), and take Taylor expansion to 

obtain

Φ( eW
n
(t)) � Φ( eW

n
(0)) +

Z t

0
Φ′( eW

n
(s�))d eW

n
(s)

+
X

s≤t:|�X̃n
(s)|>0

1
2Φ
′′( eW

n
(s�))(�eX

n
(s))2

� �

�
X

s≤t:|�Õn
(s)|>0

1
2Φ
′′( eW

n
(s�))(�eX

n
(s))2

� �

+
X

s≤t:|�W̃n
(s)|>0

1
6Φ
′′′(Ξn(s))(� eW

n
(s))3, 

where the notation �Y(t) � Y(t)�Y(t�) denotes the 
jump of a process Y at time t, and we use |� eW

n
(t)|

� |�eX
n
(t)|� |�eO

n
(t)|. The term Ξn(s) lies in between 

min{ eW
n
(s), eW

n
(s�)} and max{ eW

n
(s), eW

n
(s�)}. Under a 

feasible Markov control policy, if the Markov chain Xn(·)

has a stationary distribution, denoted by πn, then we can 
use (25), (27), and (28) to obtain

0 � Eπn[Φ( eW
n
(t))]�Eπn[Φ( eW

n
(0))]

�Ψ1(π
n, t) +Ψ2(π

n, t) +Ψ3(π
n, t), (29) 

where

Ψ1(π
n,t)

�Eπn

Z t

0

X2

k�1

βk
µk
Φ′( eW

n
(s�))+

X2

k�1

λk

µ2
k
Φ′′( eW

n
(s�))

 !

ds

" #

,

(30) 
Ψ2(π

n,t)

�Eπn �

Z t

0
Φ′( eW

n
(s�))deO

n
(s)+

Z t

0
Φ′( eW

n
(s�))deI

n
(s)

� �

,

(31) 

Ψ3(π
n,t)�

X2

k�1

1
µ2

k
×Eπn

Z t

0

1
2Φ
′′( eW

n
(s�))

βkffiffiffi
n
√ ds�

µkffiffiffi
n
√ deY

n
k (s)

� �� �

�Eπn

X

s≤t:|�Õn
(s)|>0

1
2Φ
′′( eW

n
(s�))(�eX

n
(s))2

� �
2

4

3

5

+Eπn

X

s≤t:|�W̃n
(s)|>0

1
6Φ
′′′(Ξn(s))(� eW

n
(s))3

2

4

3

5: (32) 

Proof of Proposition 1. As in Gao and Huang (2023) 
(see their lemma 4), to prove (23), it suffices to consider n 

with n ∈ n : infνn ,ψn∈Πn lim supt→∞
1
t
eG

n
(t,νn,ψn) ≤ γ∗ + 1

n o
. 

For such n, one can prove the existence of a stationary dis
tribution of Xn(·), and it suffices to show

lim sup
n→∞

lim sup
t→∞

1
t
eG

n
(t,πn,ψn) ≥ γ∗, (33) 

where πn is the stationary distribution of the Markov 
chain Xn(·) under the policy ψn. As a result, we can apply 
(29) and analyze the three terms (Ψ1,Ψ2, and Ψ3) in the 
following.

Note that Φ satisfies Condition (8). Hence, using 
the definition of h in (5), we obtain Ψ1(πn, t) ≥ γ∗t�
Eπn

R t
0h( eW

n
(s�))ds

h i
≥ γ∗t � Eπn

hR t
0
P2

k�1 fk(eQ
n
k (s�))ds

i
:

Using (9), the fact that eI
n
(·) is nondecreasing and the 

definition of κ in (6), we have Ψ2(πn, t) ≥�κEπn eO
n
(t)

h i
≥

�
P2

k�1 θkEπn

h
eO

n
k (t)
i
: Using the definitions of eW

n
, eX

n
, 

and the fact that |Φ′′(x)|, |Φ′′′(x)| ≤ C, we can make a 
similar argument to the one in the proof of theorem 2 
in Gao and Huang (2023) and deduce that

Ψ3(π
n, t)| | ≤ Ψ̂3(π

n, t) +Eπn
C

2
ffiffiffi
n
√ eO

n
(t)

� �

≤ Ψ̂3(π
n, t) + C

ffiffiffi
n
√ eG

n
(t,πn,ψn), (34) 

where

Ψ̂3(π
n, t) :� Eπn

X2

k�1

1
µk

Z t

0
Φ′′( eW

n
(s�)) 1

2
ffiffiffi
n
√ deY

n
k (s)

" #�
�
�
�
�

�
�
�
�
�

+Eπn

Z t

0

X2

k�1

C
µ2

k

|βk|

2
ffiffiffi
n
√ ds

" #

+
C

6
ffiffiffi
n
√
Eπn

P2
k�1(λ

n
k t+µn

k Tn
k (t))

h i

n
:

It then follows from (29) that 1+ Cffiffi
n
√

� �
eG

n
(t,πn,ψn)�

γ∗t ≥�Ψ̂3(πn, t): Similar to (46) in Gao and Huang 
(2023), one can show that limn→∞limt→∞Ψ̂3(πn, t)=t � 0:
It then follows that (33) holds. Hence, the proof of Propo
sition 1 is complete. w

Proof of Proposition 2. For large enough n, under ψn
∗

and any initial distribution νn, there is a stationary dis
tribution πn

∗ of Xn
∗ (·) (see proposition 1 in Gao and 

Huang (2023)). Moreover, every state of Xn
∗ (·) can 

reach the state (0, 0, 1), so there is at most one positive 
recurrent class. Hence the stationary distribution is 
unique. Therefore, we have limn→∞limt→∞

1
t
eG

n
(t,νn, 

ψn
∗ ) � limn→∞limt→∞

1
t
eG

n
(t,πn

∗ ,ψ
n
∗ )

h i
: As a result, we 

can assume the initial distribution of Xn
∗ (·) is πn

∗ and 
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then apply (29). For notational simplicity, we use E to 
denote Eπn

∗
.

Because Φ′(x) � 0 for x ∈ � λ1δ
µ1

, l∗
h i

, Φ′(x) � κ for 
x ≥ u∗, and Φ′′(x) � 0 for x ∉ (l∗, u∗), one can verify that 
σ2

2 Φ
′′(x) +

P2
k�1
βk
µk
Φ′(x) + h(l∗ ∨ (x ∧ u∗)) � γ∗. From (30), 

we can infer that

Ψ1(π
n
∗ ,t)�γ

∗t�E
Z t

0
h l∗∨ ( eW

n
∗ (s)∧u∗)

� �
ds

� �

�γ∗t�E

"
X2

k�1

Z t

0
fk(eQ

n
k∗(s))ds

#

+E

"
X2

k�1

Z t

0
fk(eQ

n
k∗(s))ds�

Z t

0
h l∗ ∨ ( eW

n
∗ (s)∧u∗)

� �
ds

#

:

Under the policy ψn
∗
, when eO

n
∗ jumps (i.e., an order is 

rejected), we have eW
n
∗ (t) ≥ u∗ > 0. On the other hand, 

when eI
n
∗ (s) increases (i.e., the system becomes idle), 

we have Q̃n
1∗(t)�λ1δ
µ1

< l∗ and eQ
n
2∗(t) � 0. Hence, eW

n
∗ (t) �

Q̃n
1∗(t)�λ1δ
µ1

+
Q̃n

2∗(t)
µ2

< l∗. From Lemma 1, Φ′(x) � 0 for x ∈

� λ1δ
µ1

, l∗
h i

, and Φ′(x) � κ for x ≥ u∗. Hence, by (31), 

we have Ψ2(πn
∗ , t) ��κ ·E[eO

n
∗ (t)]: In addition, under 

the proposed policy ψn
∗
, only class i∗ orders will be 

rejected. Using the definition of κ � θi∗ ·µi∗ , we have 
κ · eO

n
∗ (t) � θi∗ eO

n
i∗∗(t) �

P2
k�1 θk eO

n
k∗(t). It follows that 

Ψ2(πn
∗ , t) � �

P2
k�1 θkE[eO

n
k∗(t)]: Finally, Ψ3(πn

∗ , t) can 
be upper bounded, as in (34). Hence, from (29), we 
obtain

1� C
ffiffiffi
n
√

� �

eG
n
(t,πn

∗ ,ψn
∗
)� γ∗t ≤ Ψ̂3(π

n
∗ , t)

+E

"
X2

k�1

Z t

0
fk(eQ

n
k∗(s))ds�

Z t

0
h(l∗ ∨ ( eW

n
∗ (s) ∧ u∗))ds

�
�
�
�
�

#

:

�
�
�
�
�

Similar to the proof of Proposition 1, we can show 
that limn→∞limt→∞Ψ̂3(πn

∗ , t)=t � 0. Moreover, if we 
divide the last term of the right-hand side of the previ
ous equation by t, send t to infinity first, and then n 
to infinity, we obtain that the limit is zero by establish
ing a steady-state state-space collapse result (similar 
to proposition 3 in Gao and Huang (2023)). Then, 
limn→∞limt→∞

1
t
eG

n
(t,πn

∗ ,ψn
∗
)

h i
≤ γ∗: Together with Prop

osition 1, we obtain (24). w

5.2. Proof of Lemma 1
We extend the domain of the function h in (5) so that 
h(y) �min{cdµ1, cwµ2} · y1{y>0}� ceµ1y1{y≤0}: By lemma 
15 in Gao and Huang (2023), we have the following three 
results: 

(1) For w0,γ ∈ R, there is a unique continuously dif
ferentiable solution w(x; w0,γ) to the ODE:
σ2

2 w′(x) +
X2

k�1

βk
µk

w(x) + h(x) � γ, for x ∈ R,

subject to w(0) � w0; (35) 
(2) For w0 < κ, there is a unique γ+(w0), such that 

maxx≥0w(x; w0,γ+(w0)) � κ, and the function γ+(·) is 
continuous and strictly decreasing; and

(3) There is w∗ ∈ (0,κ), such that maxx≥0w(x; w∗, 
γ+(w∗)) � κ and minx≤0w(x; w∗,γ+(w∗)) � 0.

Denote by l � argminx≤0w(x; w∗,γ+(w∗)). We consider 
two cases. 

Case 1. If l ≥� λ1δ
µ1

: Set γ∗ � γ+(w∗), l∗ � l, v(x) � w(x;

w∗,γ+(w∗)), and u∗ � argmaxx≥0v(x);
Case 2. If l <� λ1δ

µ1
: From part 1 of lemma 15 in Gao and 

Huang (2023), w(·; w∗,γ+(w∗)) has no local maximizer on 
(�∞, 0) and cannot be a constant in any interval; hence, it 
is strictly increasing on [l, 0] and w � λ1δ

µ1
; w∗,γ+ w∗( )

� �
> 0. 

Next, we show w � λ1δ
µ1

; 0,γ+(0)
� �

< 0. Let w0 decrease 
from w∗ to zero, then γ+(w0) increases; hence, from 
part 1 of lemma 15 in Gao and Huang (2023), 
w(l; w0,γ+(w0)) decreases; thus, w(l; 0,γ+(0)) < 0. As 
� λ1δ

µ1
∈ (l, 0), and w(·; 0,γ+(0)) has no local maximizer 

on (�∞, 0) and w(l; 0,γ+(0)) < 0 � w(0; 0,γ+(0)), one 
has w � λ1δ

µ1
; 0,γ+(0)

� �
< 0. As a result, there exists w∗ ∈

(0, w∗), such that w � λ1δ
µ1

; w∗,γ+(w∗)
� �

� 0. Set γ∗ � γ+(w∗), 
l∗ �� λ1δ

µ1
, v(x) � w(x; w∗,γ+(w∗)) and u∗ � argmaxx≥0v(x).

For both cases, we have the constants l∗, u∗,γ∗, and the 
function v(·) ∈ C1([l∗, u∗]) satisfies σ2

2 v′(x) +
P2

k�1
βk
µk

v(x) +
h(x) � γ∗ for x ∈ (l∗, u∗), with v(x) ∈ [0,κ] for x ∈ [l∗, u∗], 
v(l∗) � 0, v(u∗) � κ, and v′(u∗) � 0. The uniqueness of the 
constants l∗, u∗,γ∗ and the function v can be established 
similarly to the proof of uniqueness in lemma 2 of Gao 
and Huang (2023). Let Φ(x) �

R x
l∗v(y)dy with v(x) � 0 ×

1
x∈ �λ1δ

µ1
,l∗

h �n o + v(x) × 1{x∈[l∗,u∗)} + κ × 1{x∈[u∗,∞)}: Then, it 

is straightforward to check that Φ(·) satisfies the condi
tions in Lemma 1. The uniqueness of the function Φ(·) fol
lows from that of v. The proof is therefore complete. w
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