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Consider multiple competitors engaging in multiple competitions, each with some attributes and a reward to
the winner or winners if there is a tie. Since the competitions may share certain attributes, a costly effort to
improve an attribute may have different effects on a competitor’s winning chances in multiple competitions,
i.e., the competitions may be correlated. Furthermore, such impacts may vary for different competitors due
to their abilities in the attributes. We first define the competitor-specific correlation of the competitions
and model a competitor’s problem as finding a resource allocation to all the attributes that maximizes her
expected total reward from all competitions, given other competitors’ decisions. We then characterize a
symmetric equilibrium decision with two competitions and homogeneous competitors, which can be extended
to multiple pair-wise positively or negatively correlated competitions, and asymmetric equilibrium decisions

for some special cases with two types of competitors.
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1. Introduction

Competitions are ubiquitous in the fields of politics, economics and sports. In many competitions,
only the best performer (or performers if there is a tie) wins a trophy and/or an award. Thus,
the goal of a competitor is to outperform her opponents rather than maximize her performance
or score. For instance, a politician only needs to win the highest number of votes for a govern-
ment position, the mutual fund manager with the highest annual return wins the largest share
of future investments, and the fastest runner wins a foot race regardless of the winning margins.
Each competition requires certain skills or has certain attributes that a competitor can acquire by
exerting costly effort and consuming limited resources. Competitors with higher skill levels have a
higher probability of winning, although the actual outcome is random and is known at the end of
a competition, e.g., after a race is completed. Both internal (e.g., mental and health) and exter-
nal (e.g., weather, economic, and political) conditions during a competition can contribute to the
actual success or failure of a competitor.

In reality, people often need to engage in multiple competitions or events. An administrator may
compete to chair several functional committees in an organization; a fashion designer may need to
design outfits for sales outlets with different consumer bases; and a gymnast must be prepared for

floor, vault, uneven bars, and beam events. Different events may require different or even opposite



skills. For instance, artistic training is essential in floor exercises but not critical in vault events, and
showmanship may benefit a politician for certain positions but hurt her for others. Thus, events
may be positively or negatively correlated. Furthermore, the extent to which a pair of competitions
is correlated may be different for various competitors due to their abilities in the attributes. Thus,
a competitor’s decision is to allocate her limited resources among the attributes wisely in order to
maximize her expected total reward considering of her own abilities.

If the events do not share any attributes, as implicitly assumed in all existing literature, the
attributes do not have to be considered explicitly and a competitor’s decision is to simply allocate
her resources among the events rather than the attributes. Thus, the reward alone is sufficient to
describe an event and a competitor’s resource allocation decision has a lower dimension as there
are usually more attributes across the events than the number of events. A high effort in an event
implies a high expected performance in the event, with competitors’ equilibrium decisions having
been successfully characterized by Roberson| (2006)) in the case of two competitors whose decisions
are continuous variables.

We consider multiple competitors engaging in possibly correlated events. We say that two events
are correlated if investing in an attribute to improve a competitor’s chance of winning one event
will have a positive or negative effect on the other. We describe each event by its reward as
well as an attribute vector whose elements measure the importance of the attributes for winning
the event, and define mathematically the competitor-specific correlation between two events to
allow heterogeneity of competitors’ abilities. A competitor’s decision is to allocate her limited
resources among all the attributes to maximize her expected reward from all the events. The
intricate relationship between the rewards and attributes of the events and the randomness of
the outcomes make competitors’ equilibrium behavior much more complex. The difficulty lies in
the fact that the direction of improvement in the attributes is not a simple combination of the
attribute vectors, in general, especially when some events are negatively correlated. Furthermore,
to seek more fundamental understanding of the problem, we will model an equilibrium decision as
a set of distributions with unknown and potentially high dimensional supports. Thus, it is a very
challenging problem and requires very different methodologies as those in the relevant literature.
Our main contributions can be summarized as follows:

1. Modelling

(a) Competitor-specific correlation We describe the correlation of a pair of events for a
competitor as a quadratic function of their attribute vectors with each coefficient in the function
indicating a competitor’s ability to improve a specific attribute or pair of attributes. Two events are
positively (negatively) correlated for a competitor if the value of the function is positive (negative).
Thus, two events may be correlated for one competitor but uncorrelated for another and two events

with common attributes may be uncorrelated as we will show later.



(b) Competitors’ decision We can model a competitor’s decision as the resources devoted
to all the attributes directly. However, doing so requires making a non-trivial assumption that
her probability of winning an event is a known function of the resource allocation decisions by all
competitors. To avoid the need to identify the winning probability functions a priori and without
any knowledge about the structure of the equilibrium decisions, we model a competitor’s decision
as selecting a distribution of her state in the attributes, which includes a function and its support
as in /Alpern and Howard| (2017)). That is, we aim to discover, rather than make assumptions about,
the distribution functions of random variables and their supports. Thus, our model seeks a more
fundamental understanding of the problem and is significantly more challenging.

2. Methodology

(a) Dimension reduction Since there can be many attributes across all the events, a com-
petitor’s decision can be high dimensional. We are able to transform a competitor’s decision from
the distributions of the state in the attributes to the scores in the events. That is, even in the pres-
ence of event correlations, we are able to aggregate the attribute information in each event while
preserving the information about event correlations for each competitor so that the dimension of
her decision is bounded from above by the number of events. In an extreme case where all the
events are identical, a competitor’s decision is characterized as one-dimension, although the events
may have many attributes.

(b) Converting a zero-sum game into a single optimization Competitors’ equilibrium
decision is a solution of a complex zero-sum game and finding it requires solving a set of optimization
problems simultaneously. By exploring some properties of the game, we are able to convert it into
a single non-convex optimization problem. Although it is still a challenging problem, we succeeded
in characterizing the equilibrium decisions under the following scenarios.

3. Two-event cases
(a) Homogeneous competitors We show the existence of a symmetric equilibrium when
the competitors are homogeneous. The equilibrium is unique except in the following two rare cases:
i. The two events are uncorrelated for all competitors, in which case the equilibrium
marginal distributions are unique and any distribution with the marginals is an equilibrium.
ii. Two competitors compete in two completely “opposite” events yet with the same reward,
in which case any feasible strategy is an equilibrium.
Furthermore, when the two events are positively correlated, the problem is reduced to a single-event
one.

(b) Two types of competitors If the competitors can be divided into two types, we are

able to identify the equilibrium solution when the two events are uncorrelated for both types of

competitors. In equilibrium, at least one type of competitors will exert all their effort into the event



of their advantage. For general cases, we identify necessary and sufficient conditions under which
the problem can be reduced to a single-event one. We also develop an algorithm to compute and
analyze the equilibrium behavior when there is a single competitor in each type.

4. Multiple events and homogeneous competitors When the events are pair-wise positively
correlated, the problem can be reduced to a single-event one with an attribute vector as a linear
combination of the attribute vectors of all the events. When the events are pair-wise negatively
correlated, we construct an approximate strategy that works well when the number of competitors
becomes large. These results suggest efficient heuristic strategies for problems with general events
and homogeneous competitors.

The paper is organized as follows. After a brief overview of the relevant literature on competi-
tions in Section 2, we provide a general zero-sum game model and convert it into an equivalent
optimization problem in Section 3. We focus on the equilibrium decisions when there are two com-
petitions in Section 4 and extend some results to multiple events in Section 5. The paper concludes

in Section 6. All proofs can be found in the Electronic Companion.

2. Literature Review

We first review relevant literature on single-event competitions, referred to as the contest literature,

and then on multiple-event competitions, referred to as the resource allocation game literature.

2.1. Single-event Contests

In a typical contest, a number of competitors decide the amount of costly effort they would exert,
which jointly determines the winning probabilities of all competitors through some known contest
success functions. The winner of the contest receives an award. Thus, a contest can be modelled
as a game where each competitor’s payoff is a function of their expected reward minus the cost of
their effort. |(Corchén and Serena (2018)) provide a comprehensive survey of the contest literature
on the justifications and equilibrium analyses under various contest success functions, the design
of contest success functions, as well as extended models that allow multiple rounds of a contest,
information asymmetry and competitors that are groups instead of individuals.

Although articles in the aforementioned contest literature model a competitor’s decision as their
effort which determines the probability of winning through a contest success function, there is
another line of work that models a competitor’s decision as the distribution of the score a competitor
will receive and the competitor with the highest realized score wins the contest. Instead of a cost
function, a constraint is imposed on a competitor’s expected score. Bell and Thomas| (1980) are the
first to study the equilibrium decision in an investment competition under this model, followed by

Myerson| (1993)) who studies a similar game in the context of elections. |Anderson, (2012) shows that



an equilibrium of a multi-stage competition among mutual fund managers can be characterized
by an equilibrium score distribution at the last stage. |Alpern and Howard| (2017) provide a more
general constraint on the score distribution and define such a problem as a distribution ranking
game. Due to the flexibility of the generalized constraint, they are able to provide an innovative

method to derive the equilibrium decision for the multi-player silent duel game under this model.

2.2. Multiple-event Contests

When there is more than one event, the problem changes fundamentally. A competitor’s decision
is to allocate a limited amount of effort or resources among the events to maximize her expected
total number of winning events and each event is won by the competitor with the highest level of
resources. Such a game is referred to as a Colonel Blotto game introduced by Borel (1953) where
two competitors compete in multiple contests or battlefields. |[Ahmadinejad et al. (2019) develop a
polynomial-time algorithm to compute an equilibrium.

However, when the resources are infinitely divisible, Roberson| (2006) is able to fully characterize
the equilibrium solution for the game with a general number of battlefields. Since then, researchers
have identified equilibrium decisions for several variants of the basic Colonel Blotto game, focusing
mostly on the case with two competitors. Some modify the budget constraints in the game, e.g.,
Macdonell and Mastronardi (2015) allow non-linear resource constraints in a two-event contest,
while Hart| (2008), Kovenock and Roberson| (2010), |[Dziubinski| (2013), [Hart| (2016]) and Kovenock
and Roberson| (2020) allow the budgets to be constrained in expectation. Others consider more
complex objective functions. Thomas| (2012) constructs equilibrium solutions for contests with
heterogeneous rewards and illustrate them through the election of US presidents. [Shubik and
Weber| (1981)) introduce complementarity among the battlefields, so the goal is not to win as many
battlefields as one can but to win a bundle of important battlefields, Rinott et al. (2012) study a
Colonel Blotto gladiator game where resources (power) need to be allocated to the gladiators in a
team and the surviving gladiators from two teams compete in a series of events. Whichever team
is still standing at the end wins the game. To our knowledge, Boix-Adsera et al.| (2020)) is the only
paper that constructs efficiently-sampleable symmetric equilibria for cases with multiple identical
competitors.

In all of the above games, events are either identical or differ only by theirs rewards, and a
competitor’s decision is to allocate her resources to all the events. In reality, each event may require
multiple skills or have multiple attributes, and an attribute may be shared by multiple events,
leading to possible correlations among the events. Thus, a competitor’s decision is much more

complex, and we will model event correlations and study competitor equilibrium decisions.



3. Problem Formulation and General Properties

Consider n competitors, indexed by i € Z={1,--- ,n}, competing in J events, indexed by j € J =
{1,---,J}, with a total of m attributes, some shared by multiple events and others unique to an
event.

1. Events. We describe event j by its reward u; > 0 and an attribute vector w; € R™, measuring
the importance of the m attributes to the winning chance of event j. The higher a positive element
in w; is, the more critical the corresponding attribute is. A negative (zero) value implies that a
particular attribute contributes negatively (has no impact) on winning event j. Without loss of
generality, we restrict w; to be a unit vector and hence, —1 < ijwj/ <1 for any j,j' € J. The

following equivalences will facilitate our analysis:

T
J

e w wy=1&w,=wy, ie, jand j' are identical events;

° ijwj/ =—-1&w;=—wj, ie, j and j' are completely opposite events;

e —1<w/wj <1&w; and w;s are linearly independent.

2. Competitor’s decision and reward We define competitor ¢’s decision as selecting a distri-
bution function F(-) of her state in the attributes, X; € R™, as a result of her resource allocation
decision. Since some elements of w; can be negative, we allow X; to be a real vector and denote x;
as its realization. Furthermore, we assume that all the competitors make their decisions simulta-
neously to maximize their expected total rewards, and hence Xy, ---,X,, are independent random
vectors.

Competitor i’s weighted state WJTX,» can be understood as her score in event j. The competitor
or competitors with the highest realized score win event j, regardless of their winning margin, and
share the reward u; if there is a tie. Thus, restricting ||w;|| = 1 indeed involves no loss of generality.

3. Competitor’s resource constraint. As a high state X; requires more resources which
are limited, we impose the constraint that Fp:[X?D,;X;] <1 where D; € R™*™ has the following
properties.

e We require that D; be positive definite to exclude the possibility of a score to be infinite, e.g.,
ijXi = 00, under a feasible decision. Thus, the diagonal elements are all positive and, the higher
a diagonal element, the more difficult it is (more resources are needed) for competitor i to improve
the corresponding attribute. A positive (negative) off-diagonal element indicates that extra (less)
effort is needed if a competitor tries to improve a pair of attributes simultaneously due to their
dissimilarity (similarity). Thus, D; is a comprehensive description of competitor i’s capabilities.

e It is easy to see that D; 'w; is the direction along which competitor i gains the greatest chance
to win event j and w/ijD; 'w; is the highest expected score she can achieve in event j. Thus,

ijD[ 'w; measures the overall competitiveness of competitor i in event j and, the higher the

value, the stronger competitor ¢ is in event j.



4. Competitor-specific event correlations. When competitor i tries to improve her score in
event j along D;'w;, the impact on her score in event j', 5’ # j, depends on the angle between
D;'w; and wj. Thus, we define the correlation between events j and j' for competitor i as
w D, 'w; which is the cosine of the angle between D; 'w; and w if D; 'w; is also a unit vector.
It may differ for different competitors and is different from the concept of correlation between two
random variables.

For competitor i, events j and j' are positively (negatively) correlated if w/D;'w; >0 (<0)
and uncorrelated if ijDi_ 'w; =0 in which case improving the winning chance in one event has
no effect on that in the other event. Thus, two events can be uncorrelated for a competitor even if
they share certain attributes, e.g., when D; 'w, = (%, %) and w; = (%, —%)

Throughout the paper, we use the superscript “*” to represent equilibrium functions or val-
ues, and boldfaced letters to represent vectors or matrices whose dimensions will be clear from
the context. We define an equilibrium decision as a tuple (F'*,...,F™) such that F* of X}
is the solution to the following linear program at F~" = {F' ... FO-D* D et of

(XT> e 7X:—17 :-',-17 e 7X:;)7
1 * * ’

j€J  NCI_,

st. Epi (XTD;X;) <1, (2)

where Z_; is the set of all competitors except competitor . When competitor ¢ wins event j

along with competitors in N C Z_;, which happens with probability PFZ-,F_Z-*(W].TXZ- = WfX}‘ >
wi Xy, Y({,0') € N x (ZI_;—N)), the reward u; is evenly divided among the |[N|+ 1 winners.

Thus, the resource allocation problem is a zero-sum game and finding an equilibrium solution

requires solving n complicated optimization problems simultaneously. Below, we will first refor-

mulate the problem as determining the distributions of the scores in Section then convert the

problem into a single non-convex optimization one in Section|3.2] and further establish that finding

an equilibrium solution is equivalent to finding the marginal distributions of the scores in Section

B3

3.1. Problem Reformulation and Dimension Reduction

Let Z; = wX; denote competitor i’s score in event j and G? its distribution. Then, Z’ €
Im(W7T) ={WTx:x € R"} C R/ where W = (w;,ws,...,w;). Finding an equilibrium solution
(F',...,F™) of the state (X3,...,X}) is equivalent to finding distributions (G**,...,G"*) of the
scores (Z'*,...,Z") where Z"* € Im(WT) such that G** solves
max ];7% N;_i W%PGAG” (Z;ﬁ =7 > 7 V(U 0) €N x (T_; — N)) (3)
st. Egi (T4(Z%) <1, (4)



where T';(z) = min {x"D;x: WTx =2z}. Thus, we also refer to (G',...,G™) as an equilibrium

from which we can recover F* as X = arg mxin {x"D;x: WTx = Z"}, the minimum efforts to score
Z.

When there are only two events, i.e., J =2, WTW is non-singular if and only if w; and w, are

linearly independent and

27Dz, if WI'W is non-singular,
2
Ti(z) = { —rpire»  if WIW is singular and z € Im(W™), (5)
Wity Wi
0, otherwise,
{ D;'WD,Z"*, if WTW is non-singular,
X: =< D lwzi .
m, OtherW1se,
where
A Tl ! 1 wiD;'w, —wI'D;'w,
Dl_ (W Di W) - |WTD:1W’ <_W%"Dilw2 w%"D;lwl

That is, we can aggregate the m attributes for each competitor and reduce the dimension of
the problem from m to J. When J =2, if w; and w, are linearly independent or equivalently,
—1 < wlw,y <1, we can simplify the description of competitor ¢ with a symmetric matrix D, =
(WTD;'W)~! € R?*2, rather than D; € R™*™. The diagonal elements in D; indicate competitor
i’s ability to improve the scores in the two events and the single off-diagonal element is exactly
the correlation between the two events for competitor . When w; and w, are linearly dependent,
ie., w; = twy, f)l is replaced by a scalar (wa;lwl)_l € R and competitor i’s decision is one

dimensional.

3.2. An Equivalent Optimization Problem

Note that, even with the reduction of dimensionality, the problem is still distinct from the literature
as the events share attributes and may be correlated. Moreover, this is still a zero-sum game whose
solution is n distributions with unknown supports and a highly challenging problem. Rather than
trying to solve Problem — for all ¢ simultaneously, we establish that a sole winner exists in
each event almost surely if there exists x € R™ such that the score vector WTx > 0. With that, we
are able to convert the zero-sum game into a single optimization problem in Theorem [I] whose proof
can be found in the Electronic Companion. Otherwise, we show in Proposition [1| that there can
be at most two winners in each event almost surely and solving the single optimization problem is
sufficient to find an equilibrium if it exists when J =2. Let (G{*,GY,...,G"}) denote the marginal

distributions of G* (Z™) and z' as the realization of Z'.



THEOREM 1. Suppose that there exists z' > 0.

1. Pgix g-ix (ZJ’* = Z;/* >ZFVel— {i,i’}) =0 for any i’ €Z_;, i.e., there is a sole winner in
each event almost surely.

2. (G™,...,G™) is an equilibrium if and only if Eqi (T;(Z%)) =1 for all i and

. Lx _\.T. — .
o A5 A5 T e =S o

i€Z JET LET_; jeT

A necessary condition for the existence of a positive z* is that w; +w,, # 0 for any two events j
and j’, i.e., there does not exist two completely opposite events, and two sufficient conditions are
w1,...,w are linearly independent and w; = --- = w;. When there exists a positive z’, competitor
i can improve her scores in all events and avoid any tie almost surely by shifting the support of Z?
along z'. Let (A}, \},...,\") be a minimizer of the left hand side of @ Then, the support of Z*
is a bounded subset of the maximizers of Y u; [] G{*(z;) — A;Ti(z).

By Theorem [l the resource constraintjii" ezjg}?éompetitor is tight at an equilibrium, i.e., all
competitors use up their resources. Finding an equilibrium solution is equivalent to finding a
solution that satisfies Egi« (I';(Z)) =1 for all i € Z and (6]) which involves a single optimization
problem. That is, one can convert a zero-sum game, which requires solving n optimization problems
simultaneously, into a single optimization problem.

When wy,...,w; are linearly dependent, improving the scores in some events may hurt the
scores in some other events and the overall impact depends on the rewards and W in a complicated
manner. When J =2 and w; +wy =0, there can be at most two winners in an event almost surely

and condition , rewritten from condition @, is a sufficient one.

PROPOSITION 1. Suppose that J =2 and w; + wy =0.

1. Pgiv g-ix (ZJ’* :Z;/* = Z;//*) =0 for all 7/,i" € T_; and i’ #1i", i.e., there are at most two
winners in each event almost surely.

2. The conditions in Theorem |1 (2) is sufficient, i.e., (G™,...,G™) is an equilibrium if
Egix [(Z{*)Q} =wID;'w, for all i and

. Ox % AZZ%
(/\1,‘1'1‘171;;)>0{Z{)\i+n2x{u1 H G1"(z1) +us H 1-6G1 (zl))—m =u + us. (7)

i€l teT_, ez,
First we note that, if all the distributions in G~ are continuous, a single winner almost surely
emerges regardless of competitor ¢’s strategy. Theorem [I] and Proposition |1} imply that, in equilib-
rium, at most one distribution (two distributions) can be discontinuous at any given point when

w1 +wy #0 (w; +wy =0). Suppose that a particular competitor’s strategy in G~** is discontinu-

ous at a point Z. Then, competitor i’s winning probability in event j as a function of z € Im(WT),
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> wiiPa-i (Z]‘f* =2 > Z V() €N x (T—; — N))7 is discontinuous at z. Her expected reward is
NCZ_;

=+—i

also discontinuous when w; + wy # 0, while it may be continuous at this point when w; + wy =0
as a positive jump in the winning probability in one event may be cancelled out by the nega-
tive effect on that in the other. However, the expected reward would be discontinuous if multiple
competitors’ strategies in G~ are discontinuous at this point when w; + wy, = 0. A competitor
is better off by including only one side of and excluding the discontinuous point in her support.
Thus, a sole winner exists in each event when w; + wy # 0 and there are at most two winners
when w; + wy = 0. For instance, when w; +w, =0, n =2, and u; = u,, the deterministic strategy
with Z' = Z? = (z},—27)" is an equilibrium under which each event is won by both competitors
for sure. In this case, G} (G%) is discontinuous at 2} (—z;) while the expected reward is constant
over Im(W7). When u; > uy, both competitors will try to be the sole winner of event 1 and there

is a sole winner in each event almost surely.

3.3. Marginals as Decisions

Note that condition @ only involves the marginal distributions and the joint distributions only
appear in the constraints Egi« (I';(Z*)) = 1. Thus, finding an equilibrium (G**,...,G™) is equiv-
alent to finding marginal distributions (GY*,...,GY%) that satisfies (6] and

min { Eg: (I';(Z"))|G' has marginal distributions (G}',...,G%)} =1 (8)
G’L

for all 4 € Z. Thus, an infinite number of equilibria may exist.

Note that the optimization problem in is a multi-marginal optimal transportation problem
with quadratic costs (see e.g., [Pass (2012)), and the general structure of the support of Z™* is
unknown and complicated. Interestingly, when J = 2, it reduces to a classic transportation problem
where the supports of G} and G} are the origins and destinations, respectively. Origin z} has G (z})
amount of supply and the demand at destination zi is G%(2%), and it costs T';(2¢,2%) to transport

one unit from z{ to zi. With that, we first focus on the case with J = 2.

4. Two Events

We say that a set in R? is increasing (decreasing) if, for any two points x and y in the set,
(1 —y1)(x2 —y2) >0 (<L 0). Proposition [2| provides the relationship between an equilibrium, if one
exists, and its marginals, which also reveals the shape of the support of Z**. When the two events
are uncorrelated, T'; is separable in z; and z, and any (G',---,G™) with the marginals (G%*,G%"),
i € Z, is an equilibrium. When the two events are positively (negatively) correlated, the support of
Z™ is increasing (decreasing) as expected. These properties are critical in identifying an equilibrium

solution.
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PROPOSITION 2. The relationship between an equilibrium, if one exists, and its marginals is as
follows:

1. If wID;'wy =0, any distribution with the marginals (Gv*,G%*) is an equilibrium.

2. If wID; 'wy >0, G*(2) = G¥(21) A G (22), i.e., Z™ has an increasing support.

3. If wID;'w, <0, G*(z) = [Gi*(21) + Gir (z) — 1], i.e., Z* has a decreasing support.

4.1. Homogeneous Competitors

With homogeneous competitors, D; =D for all i € Z. As we can view the problem as one with
w; = \/ﬁ_le, X, = vDX;, and E (X?f@) <1, it is sufficient to analyze the case where D =1
and the correlation between the two events is simply w? w, for all competitors. The two events are
uncorrelated if wi wy =0 and positively (negatively) correlated if wiwy >0 (< 0), respectively.
Furthermore, we only consider symmetric equilibria and omit the index ¢ in our notation. Then,

condition @ becomes

n

2
A"+ max {Zujc;;(zj)“ - XT(Z)} Sl

J=1

where

2 T 2
Azewy wanists i WTW is non-singular
1— (w?wz)2 ) )

22 otherwise.

Under symmetric equilibria, Theorem (1| implies that Z7 is a continuous random variable or
G (z;) is continuous in z;. That is, G'5(z;) should be differentiable almost everywhere. To simplify

the analysis, we make the following assumption.
ASSUMPTION 1. G (2;) is differentiable in the support of Z;.

Under this assumption, condition @ is also necessary when w; + wy =0 if n > 2 or u; # us.
2 —

Furthermore, by Theorem (1, any maximizer of Y u; [G} (zj)]n - A*T'(z) must satisfy the first-
=1

j=
order optimality conditions,

20\*

1= (wlwy)*

(n— Duy G5 ()] 2G5 (2)) = (2 —wiwszs ), j=1,2. 9)

We show the existence of multiple equilibria when w?w, =0 or the two events are uncorrelated
in Section When the two events are correlated, we show the existence and uniqueness of an
equilibrium when 0 < [wl'w,| < 1in Section and analyze the case when w’w, = +1 in Section
4. 1.0l



12

4.1.1. Existence of Multiple Equilibria When w{w; =0 When the two events are uncor-
related, condition @ only involves z; and its distribution function G7. Thus, the marginal distribu-

tions can be found separately and an infinite number of equilibria exists as stated in Proposition

PROPOSITION 3. When wlw, =0, a two-dimensional distribution G* is an equilibrium if and only

1
if its marginal distributions are G (z;) = (Mz]2> " with E(Zy)? = Y i=1,2.

nu; u1+tug

That is, a competitor can decide the distribution of the scores of the two events separately
and the effort devoted to the score in an event is proportional to its reward. For marginals G}
and G} given above, G*(z) = G5 (21)G5(22) nu_rllder which Z7 and Z; are independent, G*(z) =
min{G7(z1),G5(22)} under which % = <“—2> T, and G*(z) = [G%(21) + G3(22) — 1]7 under which

ul

*2\ n—1 *2\ m—1
<Zl ) e (Z2 ) = —=2 are all equilibrium distributions.
up ug uytuz

Proposition [3] obtained for the case with two uncorrelated events and multiple competitors, is
similar to some existing results, e.g., Theorem 1 in Kovenock and Roberson| (2020) which charac-
terizes equilibrium resource allocation decisions of two heterogeneous competitors’ competing in

multiple events without shared attributes.

4.1.2. Existence and Uniqueness of an Equilibrium When 0 < [w{wy| <1 In this case,
the two events are correlated and w; and w, are linearly independent but not orthogonal to each
other. Thus, there is a one-to-one correspondence between z and z; by @D and hence, the support
of Z* must be one-dimensional. Furthermore, given that z* is a maximizer of 22: uj [G}k (zj)]Wl -
Nz (WTW) =1z by Theorem |1} the support of Z* must be a continuous curvej,:;s otherwise there
would exist a rectangular region (not in the support) in which G* is a constant in (0,1) and a

2 —
higher objective value than Y u; [G% (23)]" ' Nz T (WTW)~lz* occurs at a certain point.
j=1

LEMMA 1. The support of Z* is a continuous and strictly monotonic one-dimensional curve in

T

the cone spanned by (1, wIwy)T and (Wl'wy, 1)T, i.e., it is between the lines z; = zowi wy and

29 = 21W1 Wy, and the marginal distribution G’ is strictly increasing when G7(z;) € (0,1).

T T

We refer to the cone spanned by (1,w!wsy)? and (wl'w,y,1)%as the cone for convenience. By
Lemma |1} we can represent the support of Z* by {z(t) = (21(t),z(t))" : t €[0,1]} where z;(t) is
the t-quantile of G} and zy(t) is uniquely determined by z;(t). Furthermore, z;(t) is continuous
and strictly increasing in t € (0,1) and z3(t) is strictly monotone and continuous in t. By Proposi-
tion [2 25(t) is strictly increasing (decreasing) if and only if wwy >0 (w!'wy <0). Proposition

establishes the existence and uniqueness of an equilibrium.

PROPOSITION 4. A unique equilibrium exists when 0 < |w{wy| < 1.
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1. When 0 <wiwy <1, Gi(21(t)) = G5(22(t)) and the support of Z* is a segment on the line

2o = vz, with z(0) =0 where

. \/[(ug —up )Wl w2 —|—24u1u2 — (ug —uy )Wiwy >0. (10)
Uy

2. When —1<w{w, <0, Gj(21(t) + G3(2(t) =1 and ZG = 2 = wi'w,.

When 0 < wiw, <1, Z; =vZ; and Condition (6] reduces to

* * n— * Uy +u
X ma { (w1 +2) (G} (20)]" ! = AT (L))} ===
z1
Letting
1_UWTW2 'U_W{Wg

W=W(WW) L (1,0)" =

W1 Wao,

1— (wlws)® 1— (wlws)®

we have X* = W(WTW)1Z* = Zi%, Z; = ¥ X' G(2,) = Py <V'VTX* §z1>, and D((1,v)7) =

wls W'

wlw. Thus, the equilibrium strategy F* satisfies

U1 + Us

A+ max { (u1 + uz) Ppe (W X* <W'x) — M'x"x} =
X n

That is, the problem is reduced to a single event one with a reward u; + u, and an attribute vector

which lies inside the cone spanned by w; and w, and improving a competitor’s effort along

W
Iw%ll2

w results in the highest expected total reward. If u; = uo, then v =1 and w = (w1 +ws)

1
1+w?w2
lies exactly in the middle of w; and wy. As Z—f increases, w gets increasingly closer to wy. Figure

illustrates the supports and density functions of Z* and X*.

zZ92

2

I . T
2, = zgWl Wy 2

29 = VZ1

Figure 1  The supports and density functions of Z* and X* when u; = 2us and wi wa =0.7
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22

.
21 =2Wiws

Figure 2  The support of Z* when 23(¢) is decreasing

When —1 < wlw, < 0, we are unable to derive the explicit form of the support of Z* as

zo decreases in z; in a nonlinear fashion in general as illustrated in Figure For instance,

when w; = up and n = 2, the solution to (EC.14)-(EC.15) must satisfy 22(t) + 22(t) —

221 (t)za(t)wiwy = 1 — (wPws)”, ie., the support is a segment of an ellipse and Gi(z5) =

1 + —sin(200+2arcsinZj)—QWfWQ(Go-‘rarccoszjv—g) where 00 _ arcsin( 1—wfw2> and G*(Z) _ [GT(Zl) +

2 2sin 200 —4wi'wy0g 2

G3(z2) — 1]7. Under the equilibrium strategy, each competitor is more likely to achieve a positive
score for both events than sacrificing one event, as illustrated in Figure [3] where the density of Z*

is symmetric and the highest at the center of the support.

z1 = ZQW?W2

2z = zgw?wz T~

Figure 3 The density of Z* on its support when u; =wus2, n =2, and w¥wy =—0.7

However, we can provide some insights into its support and the distribution on the support as

n 7\2/@

n becomes large in Proposmon Let ty = Ty T
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PROPOSITION 5. When, —1 < wlw, <0, for any given n and € > uit) ' Vus(1l — 1), an e-
equilibrium strategy exists whose support lies on the boundary of the cone. Its density is unimodal on
the support with P(Z, >0)=1—ty and P(Zy > 0) =ty, and reaches its peak at z=0. Furthermore,

the strategy approaches G* as n — oco.

—eo—n=2

5 n=3
—2—n==0
n =10

Figure 4  Support of Z* for various n when w1 ”ws = \7—% and u; = 2us

As the number of competitors becomes large, the support of Z* moves towards the boundary of
the cone. Furthermore, t, — % as n — oo and the equilibrium strategy assigns an equal probability
to a positive z; and a positive z;. However, the conditional tail probability P(Z; > z;|Z; > 0) is
lower than the unconditioned one under a single event scenario. With two events, a competitor has
a positive probability of winning the other event and hence assigns a lower probability towards

either tail.

4.1.3. When wlw,=+1 In these two cases, wo, = +w; and condition @ is equivalent to

* * n— * n—1 * Uy +u
X 4 [G(2)]" T +up [G(zw]wa)] T = N2 = ——— (11)
on the support of Z7.
THEOREM 2. When wiw, = —1 and u; = uy, any feasible G* is an equilibrium. Otherwise, a

unique equilibrium exists when wiwy = +1.
_1/22
1. When wiw, =1, \* =432 gnd Gi(z5) = "/ L, 2z;€[0,4/n], j=1,2.
2. When wiwy,=—-1, Gi(—2)+Gi(2) =1

(a) Ifn=2, Gi(z) = %, 2 € [0,v2] if u; >uz_j, j=1,2.
(b) If n>2, us [Gi(z)]" " o[l = Gi(20)]" 7 = A (23 — 1) + 2,

n

)\*_u1+u2 +A*_u1+u2 _ _
21 € [— \/“2+ n “ n— | where N =t g 407l (1 — )"t
n

A ) A



16

Recall that two equilibria may exist only when w! wy = —1 by Theorem [1|and Proposition I} With
homogeneous competitors, Theorem [2] further establishes that multiple equilibria can only occur
if u; = us and n =2, in which case holds for any feasible G* and A* = 0. Each event is won
either by one competitor or both competitors (e.g., following a deterministic strategy as discussed
in the paragraph following Proposition . In either case, each competitor gains half of the total
rewards.

When w’w, = 1, a unique equilibrium exists and the problem reduces to a single-event one with
w = w;, which has been considered by Alpern and Howard| (2017) under a more general constraint.
They show that Gi(z) = "7{/13 is a symmetric equilibrium, but only establish its uniqueness for
n = 2. We are able to establish both the existence and uniqueness of the symmetric equilibrium for
any given n. The variance of the score Var (Z7) =1— % and the size of the support [0, \/n| increase
in n, implying that competitors are taking more risky actions to outperform more competitors,
while the average score E (Z7) = % decreases in n. However, the distribution of the highest
score [G*(z)]" is stochastically increasing in n, suggesting that more contestants participating in
a qualifying tournament of a major contest, e.g., an Olympic game, increases a country’s winning
chance in the game.

When wlw, = —1, the problem cannot be reduced to a single-event one in general, because
winning in one event means losing for sure in the other one and a competitor needs to strike a
balance. However, when n = 2, the loser in one event becomes the winner in the other event and
each competitor takes an event. Thus, the aim is to win the event with a higher reward and the
problem reduces to one with a single event.

Unlike the case where —1 < w!w, < 0, the problem when w’w, = —1 can be reduced to a single-
dimensional problem although it is not a single-event problem. This is because the cone itself in
which the support of G* lies becomes a straight line z; = —z, and the support is a segment on the

line passing through the origin.

4.1.4. Summary of Symmetric Equilibria From the preceding analysis, we are ready to

summarize the symmetric equilibria as a function of D, (wy,ws), and (u1,us).

THEOREM 3. A symmetric equilibrium always exists.

2 n—1
: TT)—1 _ * _ [ uatuo ?j
1. If the two events are uncorrelated, i.e., wiD~'wy =0, then, G}(z;) = (WWTD_le>
J

with E [ Z } = o =12 and any joint distribution G* is an equilibrium if and only if

wliD— 1w,
J J

1t has the above marginals.
2. Otherwise, except when wi = —wy, n =2, and u; = us, in which case any feasible G* is an

equilibrium, a unique symmetric equilibrium exists.
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(a) If wID'wy >0, then, Z; =vZ;, where v is the unique positive solution to the quadratic

equation wj D 'wyu,v? + w3 D- Ywy (ug — up)v — wi I'D~'wyus =0 and the problem is reduced to a

single-event one with & H where
o (WID twy —owID twy)wy + (—wID twy +owl D twy ) wa,  if wy # wo,
Wi, Zf Wi = Wo.

(b) If wID'w, <0, then, G* has a decreasing support that approaches the boundary of the

cone spanned by (1,wI D 'w,) and (WID *wy, 1) as the number of competitors grows large.

4.2. Two Types of Competitors

With heterogeneous competitors, a competitor may face both inter-type and intra-type competi-
tions, and equilibrium strategies are asymmetric in general and difficult to obtain. Suppose that
there are n; type ¢ competitors with D; and homogeneous strategy Z' ~ G*, i =1,2. We provide
equilibrium solutions when they compete in two uncorrelated events in Section and charac-
terize necessary and sufficient conditions under which the problem can be reduced to a single event
one in Section

Recall that W;‘-FD; 'w; measures the competitiveness of type i competitors in event j and thus,
TrH—1
wi Di w1

To T, neasures type 1 competitors’ relative competitiveness in event 1 over event 2. Without
Wo My w2

wlD wl >w1D wl

wID-Tws = wiDiTwy’ i.e., compared with type 1 competitors,
D, wy Dy Two

loss of generality, we assume that
type 2 competitors have more advantage in event 1 over event 2. When w; and wy are linearly

independent, condition @ reduces to

ZmA +n,max{2u3(}”* zi)" T 1G“‘(z]) v —\z'D, z}—uri-uz, (12)
=1

for ¢, =1,2, and i #£7’.

4.2.1. When w/D;'w, = wl/D;'w, =0 In this case, the two events are uncorrelated for
all competitors, although the events may share some or all attributes. When w’D;'w, =0, a
sufficient condition for wy D2 wy = 0 to hold is that w; and wy are the eigenvectors of D 'D,,
which is certainly true if D, is proportional to D;. When w?'D;'w, = w/'D; 'w, = 0, improving
the performance at one event has no impact on that of the other for both types of competitors.
Similar to the symmetric case with identical competitors, an infinite number of equilibria exists
with the same marginal distributions as summarized in Proposition [6]

W?D;lwl W{D;1W1
WgD;lwg - wgD;1w2 :
(G'™,G**) with the following marginal distributions is an equilibrium and type 1 (2) competitors

PROPOSITION 6. Suppose that wiD;'w, = wID;'w, = 0 and Any

always compete in event 2 (1).
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1. Ifni=ny =1, fori,i =1,2, and i £/,

2 TH—
1 wiDy w;  w;iDyw
2 Z uj TD_I . /\ T])—1 . T —1 +
; Wi Wy Wi P2 Wy 9 1 Wj Di W .
= 25+ - J
7 b

T —1
w; D w;

i.e., both competitors compete in both events, and competitor i’s expected reward is

+
2 wiD;, 'w; 1 (wiDy'w; wiDi'w;
Zuj 1= wiD 'w, + 2 | wID 'w, 4 wiD; 'w;
=1 j i J Jj1 J j 2 J

J z J

2. If n; > 1, i =1,2, the marginal distributions are given in Proposition in the Elec-

wgD;1w2

tronic Companion. Type 1 (2) competitors compete in both events if and only if Zlné >

on
TrH—1
<u2n2 > wi D1 wl)

uiny W,{DQ_IW:[

Tr—1
wy Dy Twy

3. Otherwise, the marginal distributions are presented in Proposition in the Electronic
Companion.
e The majority will always compete in both events.
e The sole minority will compete in both events if and only if the relative reward from the event
ug

of her advantage to that of the other event, ™ if ny =1, is below a threshold. Furthermore, the

u

threshold is decreasing in the size of the majority.

If one type is a singleton, the sole competitor faces no intra-type competition and will win an
event without any effort if the other type does not participate. Thus, if both types are singletons,
the sole competitor in each type will compete in both events. Otherwise, if only one type is a
singleton, the sole minority competitor may give up one event if its reward is relatively low and
her advantage in the other event is high enough, while the majority will always participate in both
events.

If there are at least two competitors in each type, the ratio Z—;, which reflects the intensity of
intra-type and inter-type competitions, and the ratio between the rewards Z—; jointly contribute to

the equilibrium strategies. Fach type of competitors will compete in both events if they are not

significantly outnumbered and the event of their advantage does not provide a high enough reward.

4.2.2. When Can the Problem Be Reduced to a Single-Event One? It is obvious
that when w; = w,, in which case the two events differ only in their rewards or are identical, the
problem is a single-event one with reward u; 4+ us. When w; = —w,, expect when ny =ny, =1 and
Uy = Uy, improving the performance along any single direction would result in a negative score in
one of the events for all competitors. Thus, a competitor can win an event effortlessly by deviating
from that direction and the problem cannot be reduced to a single-event one. When w; = —wo,
ny =ny =1 and u; = uy, it is easy to show that Theorem (3| still applies, i.e., any strategy is an

equilibrium, including reducing the problem to any single-event one.
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When w, and w, are linearly independent, i.e., WTW is non-singular, recall that

_ 1 wiD;'w, —wID;'w,
= o~ Ty -1 TTy-1
[(WTD;'W| \-w; D wy wi;D; w,

1 dyy di
IWTD'W| \di, di,

as defined in @ Proposition m provides a necessary and sufficient condition under which the

D, = (W'D;'W) "

[

problem can be reduced to a single-event one. Similar to Theorem [3| let
W= (d;2 — vdh) Wi + (vaﬁ1 — db) Wo,

and v is the unique positive solution to di,u,v* + diy(us — uy)v — diyus = 0.

PROPOSITION 7. A problem can be reduced to a single-event one if and only if diy, >0, i=1,2,

and
diy _dh (dp i\ _ (u2—w)’ (diy db) (di di (13)
d3y  diy di, di, UrU2 ds,  d3, di, d3,)’

The single event has the attribute vector ﬁ and reward uy + uz, and an equilibrium is given in

Proposition [EC.3 in the Electronic Companion.

Proposition [7] further excludes the possibility of any negatively correlated events to be reduced to a
single-event one, because a competitor is better off balancing two negatively correlated events than
aiming to improve the performance in both events simultaneously. When the two events are either
positively correlated or uncorrelated, i.e., d¢, >0, i = 1,2, condition ensures a perfect balance
between the rewards from and efforts required in both events for both types of competitors. Below
are some examples.

1. uy =uy and di; = db, for i =1,2, i.e., the rewards from and the effort required in the two
events are the same for all competitors, in which case, v =1 and w is proportional to w; + ws.

2. di, = d3, =0, i.e., the events are uncorrelated for both types of competitors, in which case
condition implies % = %, i.e., the relative advantage of event 1 over event 2 is the same for
both types of competitors, and W is proportional to \/%wl + d"—%ng.

1 2
3. % = Z%, i.e. the relative advantage of event 1 over event 2 is the same for both types of
22 22

competitors, in which case condition implies that either u; =y or % = %, 7=1,2 i.e., the
relative ability of improving the performance in both events simultaneoéély is”the same for both
types of competitors.

Alpern and Howard| (2017) studied a single-event problem with two competitors and a more gener-
alized constraint, and the case where n; =n, =1 of Proposition[7]is a special case of their Corollary
5. However, the equilibrium solutions in the Electronic Companion for the case where either n; > 1
and/or ny > 1 may shed some light on the single-event problems in their paper for more than two

competitors and different budget constraints.
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4.3. Two Heterogeneous Competitors

This is the case with n; =ny =1 in Section for which we have a complete characterization of
the equilibrium structure when w” D 'w, = w/ D, 'w, = 0 in Proposition |§| and when the problem
can be reduced to a single-event one in Proposition [7] In this section, we develop an algorithm to
calculate an equilibrium under more general conditions and conduct a numerical study to reveal

some properties of the equilibria.

4.3.1. Algorithm for Finding an Equilibrium Suppose that the score Z;* takes discrete
values in § ={0,+1,+2,...,+5},i=1,2 and j = 1,2. Since the optimization problem in @ can be
decomposed into two convex optimization problems for i = 1,2, we will solve each of them through
the ellipsoid method which requires the creation of a separation and subgradient oracle as follows.
The method starts with an ellipsoid that includes all the feasible solutions and the separation oracle
tests the feasibility of the center of the ellipsoid. If it is (not) feasible, the subgradient (separation)
oracle generates a hyperplane that separates some suboptimal (infeasible) points from the rest of
the ellipsoid. The process continues until the remaining ellipsoid is small enough.

Separation Oracle When w; and w, are linearly dependent or WfD; 'wsy =0, the left hand side
of constraint is a linear function and easy to solve. Otherwise, for any given (G%(-),G5(+)),
constraint (8)) is equivalent to the following linear constraint following a similar argument as in the
proof of Proposition

2
o> w(z)Giz) <1 (14)
j=1z;€8

where

@i(zl)_{ﬂ (z1,max {22: Gh(22) <Gi(21)}) =T (21 + 1, max {22 : G5(22) <Gi(z1)}), 21 <8,
1 =94

(5.5) 21 =25,
i _ Fi(min{zl:Gi(z1)>G§(z2)},zQ)—Fi(min{zl:G’i(z1)>G§(z2)},z2+1)7 22 < S,
pa(z2) = T,(S,S) z2=2_5
2 -

when w!D; 'w, >0 and

5 {Fi(21,min{22:Gzi(21)+G§(22)21})—Fi(zl+1,min{zQ:G’i(zl)+G§(22)21}), 21 < S,
1,29 —

r;(S,-9), 21 =25,
I (min {21 : Gi(21) + G4(22) > 1}, 22) — T (min {21 : G{(21) + G5(22) > 1} ,22+1), 22 <5,
A1 _ S—1 .
L B > o, z2 =5,
zé:—S 2

when wlD; 'w, < 0. Thus, feasibility of a solution can be easily checked. If a solution is not

feasible, one can cut the half space defined by the linear constraint from the ellipsoid.
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Subgradient Oracle Suppose that (Ay,Gi(-),G4(-)) is a feasible solution and z* is an optimal

solution to the maximization problem in @ Then, any point in the half space defined by

9 o o 9
Gi(zt—=1)+GL(zY) Gz (20 —1) +G’( 1B .

JINTJ J\TI 7,* %

A + E u; 5 — Ty ) > A + E u; — XD (2")

j=1

cannot be an optimal solution.

Next, we conduct a numerical study using the above algorithm to examine the equilibrium
supports and distribution functions for various combinations of the parameters. Since the problem
D, =1, D, = vD;, Dy/D; ', we assume D, = I

. . . ~ D; w;
is equivalent to one with w; = ‘flj)

Wi

without loss of generality and vary (uq,us, w1, wy, Dy).

4.3.2. Numerical Results
When Dy =dI, d >0, a Scalar Matrix

In this case, competitor 2 is weaker (stronger) than competitor 1 in both events if d > 1 (d < 1)

and the two events are correlated for both competitors if w? w, # 0 and uncorrelated otherwise, in
which case any distribution with the marginals specified in Proposition [6] is an equilibrium.

We plot the equilibrium probability mass functions on their supports by the intensity of the
colors for d=2, w{ wp =+2,+1 and 22 =1,10 in Table (I, When w{ w; > 0, the problems can be
reduced to a single-event one and thus, the supports of the equilibria are increasing sets on straight
lines. Competitor 2 as the weaker one has a higher probability of losing both events, although both
competitors gain a higher score in expectation as wi w, increases. When w? w, < 0, the supports
are decreasing sets and do not include the origin in all the examples, implying that a competitor
can still obtain relatively low positive scores in both events. The supports of competitor 2, the
weaker one, always lie below those of competitor 1, implying lower scores in both events. However,
negative correlation of the events give the weaker competitor a better chance of winning one event.

Note also that, when u; = u,, the supports are symmetric. That is, competitors aim to achieve
the same score in both events when w{wy > 0, while they balance the scores from the two events
symmetrically when w? wy < 0. As us increases, both competitors shift their effort toward event 2
as expected when w?wy > 0. When w!w, < 0, the stronger competitor focuses more on event 2
while the weaker one has a lower chance of winning event 2.

Figure|5|plots competitor 1’s expected share of the total reward as a function of w’w, for d = 1.5,
3, 4.5, and Z—f =1, 10. For a given d, competitor 1’s expected share is increasing when w!w, <0,
i.e., the weaker competitor benefits from a stronger negative correlation as it is less likely for the
stronger competitor to win both events, especially when the rewards from the two events are close.
When w’w, > 0, the problem is reduced to a single-event one and a competitor’s probability of
winning is purely determined by her advantage over the other, d in this case, regardless of the level

of correlation. Hence, the competitors’ shares remain constant.
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Table 1 Equilibrium distributions when Dy = 21

For general Dy

To focus on the impact of the correlations, we examine cases with Wngle =1for j=1,2, ie.,
. . . 1 T
the competitors are equally strong in both events. In this case, WIW = < Wi W2> and

1 wiwy, 1
W'D;'W = <W1TD121W2 wiDsws
We fix w/D,'w, = 0.8, and demonstrate the equilibrium probability mass functions by the
intensity of the colors on their supports for w! wy = +0.6,+0.2 and Z—? =1,10 in Figure @ As one
can see, when wi wy > 0, condition ([13)) is met and the problem can be reduced to a single-event
one if and only if u; = us, in which case, the supports of the competitors’ equilibrium distributions
are different. The supports are not even straight lines when u; # u;. When wiwy <0 and uy # uo,
competitor 1 focuses on the event with a higher reward while competitor 2 does not give up any
event.

Figure [7| plots competitor 1’s expected share of the total reward as a function of wlw, for

wlID;'w, =—0.5, 0, 0.5, and Z—f =1, 10. Competitor 1’s expected share strictly increases in w? wy
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& d=3
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Competitor 1’s expected share of total reward
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(a) U = U1 (b) U = 10u1

Figure 5 Competitor 1’s expected shares of the total reward when Dy = dI

and is equal to 0.5 when w!'wy, = wI'D;'w,, implying that a higher positive correlation of the
events always leads to a higher reward. The total reward is more evenly distributed between the

two competitors when “+ or “2 becomes large.
u2 uy

5. More Than Two Events

We first establish in Section that, if a set of events are linearly dependent, then the problem can
be approximated by one with linearly independent events. We then provide equilibrium solutions

under certain conditions when all the events are linearly independent in Section

5.1. Linearly Dependent Events

If wy,...,wy are linearly dependent, consider a problem with the attribute vectors v~v§k> = <¥2>
% i

where k>0 and e; € R’ is the vector with 1 in the jth coordinate and 0 elsewhere, and ]55’“’ =

0 kI,
to each event such that any effort to improve it will have a negligible effect on winning the event

)

( i 0 ) where I; is a J dimensional identity matrix. That is, we add a unique dummy attribute
when k is large enough, and v~v§k yenn ,Gvf,k) are linearly independent. Proposition [8| establishes that
a solution to the original problem is a limit of solutions to the modified problems, denoted as

(GR, .. G,

PROPOSITION 8. A subsequence of{(G’“, G k=12, .. } converges to an equilibrium of the

original problem.

As k grows large, competitors will eventually stop investing in enhancing the dummy attributes as

such an effort only consumes resources without improving the probabilities of winning the events.
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Figure 6  Equilibrium distributions when wi D3 'wy = 0.8

In the next section, we provide equilibrium solutions to problems with linearly independent events

and homogeneous competitors.

5.2. Linearly Independent Events and Homogeneous Competitors

We show analytically in Proposition [J] that the problem of finding symmetric equilibria can be
reduced to a single-event one if all the events are pairwise positively correlated or uncorrelated
because the support of an equilibrium distribution is still a line segment given in the proof in the
Electronic Companion. Furthermore, we identify an e-equilibrium when all the events are pairwise
negatively correlated or uncorrelated, in which case the support is a union of J line segments
{t\/ﬁ_le\t > 0}, j=1,2,...,J. This e-equilibrium implies that focusing on a randomly chosen
event, regardless of its reward, is a good strategy when all the events are negatively correlated and

there is a sufficient number of competitors.

PROPOSITION 9. Suppose that wy,Wa, -+, W are linearly independent.
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Figure 7 Competitor 1’s expected share of the total reward for w?Dgle =-0.5,0,0.5

1. If WjTD_le/ >0 for all j and j', the problem can be reduced to a single-event one.
J

2. If wa‘le/ <0 for all j and j', for any given € > (%)n Y uy, an e-equilibrium exists
j=1

which assigns an equal probability mass on a segment of the line

{t\/ﬁile\tZO}, j=1,2,...,J.

1
IS

Proposition [9] suggests the following heuristic strategies when there are multiple events and com-
petitors are homogeneous.

1. If all the events are pairwise positively correlated or uncorrelated, identifying the equivalent
single event involves solving a complicated system of multivariate quadratic equations. Thus, we
suggest the following procedure to find a solution efficiently. We first find the equivalent single
event for two events with the highest correlation using Proposition [ and repeat the process until
there is a single event.

2. If all the events are negatively correlated or uncorrelated, we follow the e-equilibrium straltegy

G(z) where Z = WX is such that P(X € {t\/ﬁflwﬂt €[0,z;]}) =1A [(%)n_l + 122} -

uj ]

J"+(n—1)(J-1)"—nJ(
nJn

% where A =

Ty XJ: u; for any j € J and z; > 0 provided in the proof of
Proposition [9] =

3. For general events, we start with two events with the highest positive correlation and replace
them with the equivalent single event and continue the process until all the events are pairwise
negatively correlated or uncorrelated for which we adopt the strategy in 2.

As Proposition [J] provides a theoretical guarantee for the performance of the heuristic under sce-

nario 2, we only need to evaluate the effectiveness of our heuristic strategies under scenarios 1
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and 3. Since the expected reward for each competitor is 2 3~ w; under all the heuristic strate-
JET
gies, we conduct a numerical study to compare % > u; against the highest expected reward if a
JET
competitor deviates from the heuristic strategies, denoted as R* and exactly the left hand side of

@ when all but one competitor adopt a heuristic strategy. We calculate the potential percentage

gain of deviating from a heuristic strategy n = lzRi*
n 2ejeg Ui

there is a total of two attributes, and uniformly generate each attribute vector w; from the set of

— 1. We consider events with m =2, i.e.,

non-negative unit vectors and its reward u; from a folded normal distribution.

Under scenario 1, we consider problems with J = 6. Figure (a) presents the average and per-
centiles of € over 1000 incidents for n = 12,24, 48,96. Evidently, our heuristic performs extremely
well although n increases as n becomes large, in which case the potential gain by deviating from
the heuristic is higher as the reward % > u; decreases in n much faster than R*. Furthermore,
merging events according to their correlz;teigns is significantly more effective than in a random order
as shown in Figure (b) or according to their rewards from the highest to the lowest as shown in
Figure (c) This result indicates that correlations are more important than rewards in identifying
a good strategy. To see this, suppose that there is cluster consisting of a large number of highly
correlated events, each with a low reward while their aggregated reward is extremely high, and
another event with a medium reward and low correlation with this cluster of events. Merging the
events according to their rewards would end up with a single event closer to this medium-reward
event, while ordering according to correlations leads to a single event closer to the high-reward

cluster.

o mean
10% R
—=— .25 percentile
—e— .50
175 percentile

4% i
A i
¢

/
*———

0% &= —=

I I L L I L I I L I
20 40 60 80 100 20 40 60 80 100
n m

(a) The Heuristic (b) Random Order (c) Order by Rewards

Figure 8  Average and Percentiles of Potential Percentage Gain with Positively Correlated Events

For scenario 3, we consider problems with J = 3. Figure [J9] presents the average and percentiles
of 1 over 1000 incidents for n = 12,24,48,96. Intuitively, if we can successfully group events into
negatively correlated clusters such that events in each cluster are “highly” positively correlated,
then our heuristic strategy should perform well, especially when n is large, as implied by Proposi-
tion[9} Otherwise, a significant amount of information might be lost when merging weakly positively

correlated events, which is the reason for the high average of 7 in Figure [9]
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Figure 9  Average and Percentiles of Potential Percentage Gain with Events of General Correlations

Consider the example where (uq,uz,u3) =(2,0.5,1) and (w;,Wo, W3) = (é \/% _%) , as

illustrated in Figure In this case, w; is weakly positively correlated with w, and ws, while

wo = (0.3,1/0.9)7

wy = (1,00

wis = (0.891, —0.454)"

Y

ws = (0.3, —/0.91)"

Figure 10 An example with three events

w, and wj; are negatively correlated. Clustering as described above is not possible. Suppose that
we merge w; and wj first to wyz = (0.891,—0.454) with reward u;3 = 3. Then, w3 is negatively

correlated with w, and the positive correlation between w; and wy is lost, which results in n =
R*
L (ur+uztus)

or weakly correlated. In fact, it is not clear what an equilibrium solution looks like and how to find

—1210.68. In general, our heuristic fails when the events are more evenly spread out

one, which reflects many difficult decisions we face in real life.

6. Conclusions

Organizations and individuals often engage in multiple competitions or events simultaneously and a
competitor wins a competition by outperforming her opponents, regardless of the winning margin.
Since winning a competition comes with a reward, competitors will exert effort by consuming
resources to improve their winning chances. Since resources are often limited and competitions
may be correlated due to shared attributes, e.g., improving an attribute may have different or even
conflicting effects on different competitions, competitors need to allocate their limited resources

wisely. The resource allocation decision is further complicated as the outcome of a competition can
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be affected by external random factors and it is not clear how the winning probability functions
of the competitions should depend on a competitor’s abilities in the attributes. In this study, we
study competitors’ equilibrium distributions of their states in the attributes and their supports. We
first describe mathematically the competitor-specific correlation between any pair of competitions
and model the problem as a zero-sum game. By exploring some properties of the problem, we
are able to reduce the dimension of the decisions and convert the game into a single non-convex
optimization problem.

For the case with two events, we first analyze competitors’ symmetric equilibrium decision with
homogeneous competitors. We show that the problem can be reduced to a single-event one if the
two events are positively correlated. If the two events are negatively correlated, we establish the
existence and uniqueness of the equilibrium solution and, as the number of competitors becomes
large, that each competitor will randomly choose an event to focus on. We then analyze the
equilibrium decisions when there are two types of competitors, in which case, a competitor may face
both intra-type and inter-type competitions and the problem becomes very challenging. We are able
to derive the equilibrium solutions if the two events are uncorrelated for both types of competitors,
and provide a necessary and sufficient condition under which the problem can be reduced to a single-
event one. Numerical studies on the case with two heterogeneous competitors, i.e., there is a single
competitor in each type, further shed some light on problems with heterogeneous competitors.

When there are more than two events and competitors are homogeneous, we show that the
problem can be reduced to a single-event one if the events are pair-wise positively correlated.
When the events are pare-wisely negatively correlated, we are able to construct an approximate
equilibrium solution that works well when the number of competitors is large enough. These results
suggest efficient heuristic strategies for general problems with general events and homogeneous
competitors.

Future research can allow for more general objective functions and resource constraints. We
believe that such a problem can be approached by exploiting structural properties of the underlying
transportation problem. For example, if we replace constraint by E[® (X'D;X)] <1 for some
differentiable increasing function ®, the support of the equilibrium solution may be on the same
line we identified and the problems can still be reduced to a single-event one with two positively

correlated events and homogeneous competitors.
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EC.1. Equilibrium Solutions with Two Types of Competitors

_ _ Tpy, Tpt
ProOPOSITION EC.1. Suppose that wID;'wy = w/Dy'wy, =0, 8, = wlTD :; > p = %7
w3 1

andmn; >1,1=1,2. Any (G™,G**) with the following marginal distm’butwns s an equilibrium.

1
1. If < w; Dy Wy G%*(zl) =1 and G3*(z,) = (é . Azf) " forz € [O, “152] where A =

ugNYy — TD 1 Uy A
ul+ug
p— —1 .
nlwng w2+n2wgD2 wo

W F %< (S -1)a, G = Ly (23)777 ad 63 =
2

) wTDl_lw2 ni+ng’ ug )
<UQL#"1Z%) B A <UA2 22> T for z, € [O \/W] where L = { A(nﬁw),:;ng_lw] e €[0,1].
(b) Otherwise, G3*(z;) = (W%Z%) =T A <%Z§> mTF=T and G2 () = LV (u);z%)W
1
for z € [0,/%2] where L= [Z—; (A(nlJrnQLV:QTD;le - 1)} M e [0,1].

ugny — B1 X

9. If wm wng_lm Gl () = (51 772Zl)ﬁ and G2*(25) =1 for z, € [O, L. “2] where

)\ _ u1+u2
= = —1___ -
nlw{D1 w1 +n2wTD2 w1

1 1
—1 — [N —
uQ W1D1 w1 ni 1% _ A 2 ni1—1 A L2 nitng—1 2% _
(a) If 32 < (wlTDglwl — 1) s G(2) = (ﬁanQ zl> A 223 and GY*(z1) =

ug
n 71’L— n1+no)wiD tw n-1HL
L\/(’\zf) YT where L= [ _ Amt 2) ID 1} " el0,1].

up

1

1
n1+n2 nq+no—1 2% A 2 nog—1 A 2 ny+ng—1
) and Gl (Zl) == mzl A azl

(b) Otherwise, G*(z) (u
where L = [% ()\(n1+n2)w1 D, W1 )] n1+n2 0 1]
2) =

u

3. Otherwise, Gi*(z1) = G2*(z

1
( 2% ) ny—1
mawID ™ Two .
niwy Dy two

Proof. The proof can be found in Section O

LG = (i) and GY(m) =

TrH—1 Tr—1
TT—1 o TT—1 o _ wi Dy wy _ wi Dy wg
ProrosiTION EC.2. Suppose that wi D] 'wy =w;D; wy =0, 8, = 7W2TD§1WQ >p = 7w2TD1*1wz’

ni+1l wiD l'w, wIiD lw,
n;>1 andny=1. Let h(L)=1+n;L ™ —(n;+1)L andC:h(l . 1). Any

Toy—T1o Tr—1
w; Di’ w; Wi/Di W,/

(G, G*) with the following marginal distributions is an equilibrium.
—1

TrH—1 TH—1 T . TrH—1
. wi D “wy wy D "w,,  w; D twy w D Twy, n;C
1.qu’< i i in. i’ i il i 1 il i Wil Gz* —1.
=< ~TD- 1 i =TI -1 Wz;Di_llwi’ ! (2)

. T . T 1+n;’
i Doow w; D w; wi’Di’ w1 +

Tp— Tp-1 ni—1
w; D, "w, n; % o w; D, wy A 2
i ;’1“’1' 1> Ltn;’ i (Zl/) o Wz;D;lwil 27 Zit fOT Zir €

(e = (25) A ()" e = v () for e 0./

Uy

where X= — ftue . gnd L= {17

1
/\(ni-&-l)w?D;lwi R
wlD 1! w1+w;TD; W,
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; wlD 1w, A 2 mi—l WJ;D'ilw'/ u,r ;
; ix — [ ®iDi wi A . WyZi Wil ug i* () =
(b) Otherwise, G (zy) = WIT/DiilWi/ Al for zy € |0, wZ;.fDi‘lwi | and GY¥ (z;) =

Al— L) 2 L i’ x Ziz ik (o \1—n; . Uy _ u;+u;(1-L)
< + G (2) = TG (%) for z; € [0,/5], where X = (I=DWID-Tw, W D Tw;

Tp-1 TH—1
wi/DZ_, Wi w; Do wy

and L € |0,1— s e e is the unique solution to
T —1 T —1
U h(L) _ w; D wingu; — wi D wiug —0. (EC.1)

mA (- L7 (WD, w1~ L)+ wiD wn)

2. Otherwise,

_ _ -1 _ _
. wiq;Di 1wi/ wr szDi 1Wi wiTDi/ N wz;Di 1wi/ wz;Di 1wi/
(a) lf 1- Tp—1 u; < Tp—1 (ni+1) T wWID ! ’ Tp—1 1+ Tp—1 n; C}
wi’Di’ W/ i w; DZ,, w; Wz"Di’ W,/ w; D, w, z"Di’ W/
. D, w, Az2 wID 'wy  wID lw, \ i/ wiD tw, Az2 .
G;*(ZZ) - i +1 lT le il % i i ,Gz*(zz) _ 17’1 Z—l i . ZG;*(ZZ‘)I n;
wi; D Swy U i Di/ w;  w,D " wy w; D, “wy s
J 0, )R § oG = ()T A (BB 6l -
or zZ; € s WZ;D; w, by an i \Zi = ug L e y Gy (2w =
wliDlw, WJ;D,lwl
U+ —= C ug
0,/ h A D Ty WD d L
2t —- where = an =
v € ) A7 w?;D:lwi/+w’_1;Di_1wi/ni
K3 ﬁ 3
wlD 'w T+n;
'7 n;+1)n; _
TD@’ w,L( ) o w?Djle . Wg;Di'/lwiln'C c [0 1]
) w D,L i w;D:lw” w;rDl_,lw,L g P
+m”i
Tp-1 n;
R ; Az2 wD, W wy D Tw; ° »/
1% _ 7 i T, ® _ 1% . —
(b) Otherwise, G¥(z) = o+l wTD T, TD_l (1 L) LG () =
i
Try—1.,. T—1 2 . T lw.
wi Dy wi - wyDwy Az GZ:*(Z')lini for z € |0 wi/Di’ Wit wiD; Wi wu(1-L) and
wTD,ﬁlw./ w.TD.flw- u;(1—L) Tt g ) ? ) WTD,ilW' wTD.ﬁlw./ A ’
il i T i il 2 il 1 7
, Az, 222 - _ u, (1—L)
1% i _ i % _ i 1% \1-n . i/
Gif(zv) = ( —l—L) LG (ze) = 7%,(1_“(?1., (zo)'™™ for zy € |0,4/=5—|, where A\
TpH-1
u1+wi7/wDii1wz/ had Di Vi
w D, w; w,,Dl. Wt . . .
B and L is the unique solution to
1-L+ ’71 O Zln,b
wi/Di’ Wr
Ty—-1 TH-1 TrH-1 Ty—1
1 w D, wy w; D, w; w,; D, wy w; D, wy
5 | e (L) + —— e —uh |1 = L (1 L) | | = (EC.2)
(ni+1)(1-L)* | wiD; 'wy D wliD, 'w; wl D wy
Proof. The proof can be found in Section O

PROPOSITION EC.3. Let I'; =T;((1,v)7), defined in (5)). Under the conditions given in Proposi-

tion[7, the equilibrium solutions are given as follows:
1. If ny > 1 and ny > 1, for z; € [0,,/% , 4,0 = 1,2, and i # i, G*(z1,vz) =
NPT ( [ 0pzf )nﬁ}ul V (" o (Ti—T; /)+) "1+"2

ng nyl n1lo+nol'y ni1lo+nol’y
(n1T24naT1) "1F72 [0 (T —T) F] S

T2 (g rl) r \*
2. If ny = ny =1, for z € [0,,/%}, G (z1,v2) = —23—427 + (1—;;) , and
Gz*(zl,vzl):%(Gl*(zl,vzl)—l)—i—l.
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3. Otherwise, suppose that n; >1 and ny =1. )
(1-L)L;+n;y i —L)2rir g
(a) If Fz > Fi’; fO’r' 21 € [O, m}, G (zl,vzl) = (Mﬁzf—i—l)) and

G (21,02) = (%zf) G"™(z1,vz1)" ", where L € [0,1] is the unique solution to

n;+1
— =0. EC.3
1
(b) IfT; <Ty, forz € [0, Fi;rlnrf"'} and L = Ffi;l;i/ , G (2, 07) = (Fiilni%i/ 222,) “V(n;L),
ond G (2 vm) = (it ) o ()

Proof. The proof can be found in Section O

EC.2. Proofs

Proof of Theorem [1]
1. The objective in is rewritten as Egi <Z u; H; (Z;)) where
JjET

1 .
Hy(z)= > N1 [ P (2 =2) [] Pa (2 <z),i€d, (EC.4)

NCT_; leN teT_;—N

is competitor ¢’s probability of winning event j when her score is z;. We assume
that P g-ir (Z;‘* =7 =2 > 2 W eT — {i,i’}) >0 for some z. Then, limHy(x +¢) =
Po-is (21 <2z,V0€TI_;) > Hi(z1). As In(WT)NR], # 0, we can move Z* along a direction v
along which competitor i can increase her outcomes in both events, that is, 0 < v € Im(W7), as

ix E(Ti(z"))
Z + EV, W.p. m A 1,
7= 0 - E(Fi(Zi*)) +
5 W.p. 4E(F.;(Z”+EV)) ’

for some ¢ > 0 small enough is feasible as F (I';(Z)) < E(I';(Z")) <1 and achieves a higher
objective because, as € — 0,

E (Ti(Z™))
E(>  uH, (Zj)> > {,i*/\l X
(jej E(Ti(Z* +ev))
{E (Z UjHj (Z;*) 1{Z;§*;ﬁz1}) -|-E <<U1H1(21 -|—E’U1) + Z UQHQ(Z;*)> 1{Z{*—zl}> }
jeT JET_1
— F <Z UjHj(Z?)) + ur [il_l)T(l)H1(Z1 -|-E) —Hl(Zl)] >F <Z UjHj (Z}*)) .
€T jeT
2. We can rewrite f as
max 3 u;Poi i (Z;f* <Zi vt ez,i) (EC.5)
JjET

st. B (ri(zi)) <1, (EC.6)

Pgi s (Z;i =7 >z weT- {i,i’}) =0, Vi' €T_s,. (EC.7)
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We show that the optimal objective value (EC.5)) is the same with or without (EC.7)) if an optimal
solution to (I)—(2) exists. By applying strong duality to problem (EC.F)-(EC.6), we obtain a

necessary and sufficient condition of an equilibrium.

For any optimal solution G* to (EC.5)(EC.6),

o E(1(2Y)
Z= 0 1 E(T(21)) +
WP AT (v @iren)) |

where Z ~ G and 0 < v € Im WT), is feasible to problem . . with the objective value

B (3umiz <E mgv)) )XE(I““Z“J i#i+)

- Zujpéi,c—i* (ZJZ* < Z;,VEGI%) ’
=1

the optimal objective value of (EC.5)—(EC.6). Therefore, the optimal objective value of (EC.5))
is the same with or without (EC.7) if an optimal solution to (I)—(2) exists. Since the objective

function in (EC.5)) is upper semi-continuous, no duality gap exists between (EC.5)-(EC.6) and its
dual

in;% {A +max {Zuj H Pge (27" < zj) — )\iFi(z)}} (EC.8)

Jj€ET LeT_;
by the duality Theorem of [Shapiro| (2001)), and thus, @ holds.

We now show that G™* is an optimal solution to (3)—({) if (6) holds and Egi (I';(Z™*)) <1 for
all i. Note that (EC.5)—(EC.6]) represent competitor i’s problem in a game where every winner of
event j gets a reward u;. Thus,

) ) L % _ . . .
Z ZujPGM,Gﬂ* (25 <Zi*Vlel.;)= zqu [number of winners in event j].
€L jeT JjET
Weak duality implies that > u; > > u;E [number of winners in event j]. As there is always a

jeT J€T .
winner in each event, there will be no tie almost surely. Consequently, the objective value at G**

in (EC.5) is equal to that in and G™ is an optimal solution to (I)—(2).
We claim that A\ > 0, because otherwise, the optimal objective value of the dual (EC.8) (and
hence competitor i’s expected reward) is equal to u; + ug, which violates @ By complementary

slackness, constraint must be tight and objective (EC.5|) can be written as

X \ieg ez,

which is equal to the optimal dual objective if and only if all z in the support of Z** are maximizers

of the integrand. Since the set of maximizers of Y- u; [] Pge (20 < z;) — A;Ti(z) is bounded,
JjeT eZ_;
the support of Z™* is also bounded.
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]
Proof of Theorem [2 Suppose that an equilibrium G} exists. When w{ wy =1, reduces
to (uy +us) [Gr(z)]" = N2 = Wtz _ A+ As all the points in the support of Z; are maximizers

of (u1 +usg) [G3(z1)]" " — A*22 and
(ur +uz) [GTO)]" ™ = A0 > —X"27 = (w1 +us) [G(2,)]" T — N2,

where z, is the smallest number in the bounded support, 0 must be in the support and G7(0) = 0.
Thus, A* = 12 and Gj(z) = "_\I/Z;?.

When wlw, = —1 and n =2, reduces to (uy —us) [GF(z1)]" ' = A*22 = B2 — N I uy = us,
then no matter what strategy a competitor applies, she will receive a reward of u;, such that
any feasible strategy is an equilibrium. If u; # u,, then by a similar argument as the case where
wiwy =1, we have Gj(z;) = é, z1 € [0,4/2] when u; > uy and G (z) =1 — é, 21 € [-V/2,0] when
Ug > Uy.

When wliw, =—1, reduces to u1G" 1 (21) + u2(1 — Gi(21))" 7 = A*2f + 2 — X+ which
we claim has a unique solution G;. The right hand side is a convex function of z; that achieves its
minimum at z; = 0, while the left hand side first decreases until it reaches z; = G~ '(t,) and then
increases when n > 2. Thus, G (t)) =0 and u; [G7(0)]" " +us [ — G3(0)]" ' = wuhz At de,
A =12 t0 — up(1—to)" ! when n> 2.

We can verify that the solutions derived above satisfy , and thus are the unique equilibria
under the three cases.

]
Proof of Proposition [1].

1. When w; +w, =0, i.e., w; = —wy, suppose that Pgis g—i (Z{* = Z{'/* = Z{”* = Zl) > 0 for
some z;. Then, competitor i’s total reward u; Hy (Z1*) + uy Hy (—Z*) is discontinuous at Zi* = 2,

as

E&l{ulHl(zl + 6) + UQHQ(—(Zl + E)) + ZL1H1(2’1 — 6) + UQHQ(—(Zl — 8)) — 2(U1H1(21) + UQHQ(—ZI))}

= Z :x: ;1 U1 H Pge. (ZZ* < 21) + uz H Py (ZZ* >Z1)] H Ppy (Zz* :Zl) >0.
teT_—

P£ANCT_; N LeT_;—N LeN

Without loss of generality, we assume that ligl{ulﬂl(zl +e) +usHo(—(21 +€))} > ur Hi(z1) +
ugHo(—21). When 2, #0, we move Z™* along (1,—1)7 at Zi* =z, as

Zi*, if Z{* 7é 21,

. 2
_ ) Z"+e(1,-1)", wp. S AL _
z (z146)” 2 :|4~ if Z{* =2z,

_ A
0, w.p. [1 Gz
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and move Z™* along (1,—1)7 at every point when z; =0 as

B(ri(z"™)
7 +5(1’ _1)T’ w.p. E(Fi(Z(i*+E(1,)1)T)) A\ L
Z= ‘ i
. 1 E(T;(2z™))
; W-p- B(ri(z7+=(1,-1)T)) |

We can easily verify that Z is feasible and, when z; # 0, yields a higher objective value than Z™*.
Thus, uy H,(Z1") + uaHy(—Z}*) must be continuous at z; if Prs(Z}* =21 #0) >0 and, as ¢ =0,
the expected total reward under Z when z; =0,

- i i*) i* i%
5 (ZH <Zj>> > {Eméﬂ z) 1)T>>} (B[ (st (78 +¢) +uatts (~2 +9)))])

~E (iujHj(Zi*)> + [i%ulHl(g)—FUQHQ(—E) —u1H1(0) —qug(O)] >FE <§:ujHj (Z;*)) 7

the expected total reward under Z®*.
2. It follows from the same sufficiency argument as in the proof of Theorem
O
Proof of Proposition[3. 1f wI'D;'w, =0, any feasible solution to the left hand side of
is optimal and is therefore an equilibrium. If w/D;'w, >0 and w;, and w, are linearly depen-
dent, Zi* = Z¥ and thus G (z) = Gi*(21) A G5 (22). If wID;'wy >0 and w, and w, are linearly

independent, then the optimal solutions to are the same as those to

mi_n{—/zlzgdGi(z)
G .

whose dual is given by

G' has marginal distributions G**, G”Q*} , (EC.9)

max {; / j ¥;(2;)dGy (25)

Let z; and z; be the smallest and largest numbers on the support of Z;* and define

Zﬁh(%) < —Z1Z2} . (EC.10)

21
W) = — 220 — / 2 Vsup {21 GE (22) < G ()} du,

2

Py (z2) = — /Z2 ZiAinf {21 : G (z1) > G5 (u) } du.

2
As inf{z;: G (21) > G5 (u)} = inf {z; :sup{z0: G (22) < GV*(21)} > u}, ¥i(21) + ¥5(22) < —2122
and the equality holds if and only if G¥*(21) > G5 (22) > Eﬁ? Gi*(z1—¢€) or V6 >0, G& (22— 9) <
Gi*(z1) < G¥(22) by Young’s inequality (Mitroi and Niculescu| (2011)). Thus, (¢7,v3) is a feasible
solution to (EC.10) and 97} (z1) + ©3(22) = —2122 on the support of G¥*(z;) A G&*(z2), that is, no
duality gap exists. Thus, G"*(z) = Gi*(z1) A G5 (2,) is the unique optimal solution to by

complementary slackness.
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If w/D;'w, <0 and w; and w, are linearly dependent, Zi* = —Zi* and thus, G"(z) =
(G (21) 4+ G () — 1], If wI'D; 'w, <0 and wy and w, are linearly independent, the result fol-
lows from a similar argument as the case when wa; 'wy >0 and w; and w,, are linearly dependent

with z;25 replaced by —z;z, and

Z1 ' )
Uite) = [z vsup{ai Gy () + G (22) < 1} du,

£1

Uie) = maat [z Veup {a: Gl (a) + G w) <1} du.

Z3
O
Proof of Proposition[3. We can easily check that a distribution with the given marginals
satisfies (@ with \* = “1+T“2 and therefore, is an equilibrium by Theorem |1l For any equilibrium
G™, the support of ZF must be an interval with left end 0 by1 Theorem (1} Solving @ with the

o e * N * u u n—T1
boundary condition G7(0) = 0, we obtain G (2;) = (%zf) .

]
We first establish Lemma which is critical in the proof of Proposition 4.

LEMMA EC.1. There is a unique \*, X\* > 1542 — g 4071 — (1 — o)~ where to € [0,1] is the
. ne1 ne1 . o _ _
mazximizer of uit" ' +uy(1—1)""1, such that a solution to (EC.17) satisfying ltlfgl(g(t) 1t1¢n1a 0(t)

—0y exists. Furthermore, such a solution is unique.

Proof. First, we show that for each A* > 0, a unique solution exists, denoted as 6, (t), to (EC.17)
such that 1&51000(1&) = —0y. As, for any (t,0) € [0,1] x [—6y,60] \ {(0,—00),(1,6y)}, the right hand
side of is locally Lipschitz in € (or its reciprocal is locally Lipschitz in ¢), a unique solution
0(-) to exists such that 0(t) =0 by Picard’s Theorem. Let 0,(-), k=1,2,..., be the unique
solution to passing through (¢,6) = (0,(—1+ 1) #6p). Then, 6,(¢) is decreasing in k and
thus, point-wise converges to a function which we will show is the unique solution 6., (t) to (EC.17)
such that ltifél 0 (t) = —b,.

For t € [e,2¢], € > 0 small enough, 6, (t) is bounded from below by the solution to passing
through (£,—6,). Thus, 6;(t) is uniformly convergent as k — co. As limst%)&o(t) < 1}glek(t) =
(=1+1)6, for all k, l}f(r)l 0. (t) =—6, and O,.(t) is a solution.

Any solution to starts with (¢,0) = (0,—6,) and will never cross other solutions even if
they exist. As the right hand side of is decreasing in 6 when t and 6 is small enough, 6
is the unique solution.

We then show that there exists a unique A*, A* > 1542 — ;407" — uy(1 — ¢o)"~!, at which
0. (1) =0y. By (EC.17)),
do < (n—1)(ug 4 uz) cot (6 + 6y)
dt — A*
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for § < 0. As % = ln=Dlutug)cotltbo)) = ywhere §(0) = —f, has a solution cos(f(t) + 0) =
(n—1)(u +ug)
e a2 * 6(1) <0 and 6, (t) intersects with the line t =1 for A\* that is large enough.

Let \*(g) = 2 —qu 07" —uy(1 —t9)" L +e. For t € [ty — 0, + 6], where § > 0 small enough,

n

te[to—é,t0+5]

by mean-value Theorem, and

i t" =2 cot (0 + 6 1—t)""2cot(hy—0
n—1 te[tg—a,tog]r}ee[—eo,ao] {u1 €0 ( + 0)+u2( ) cot(fo )}

lim min 0., ()26 > lim 20
€10 te[to—3,t0+9] (£)20 = clo 2 max  {uitd ' tua(l—t)nl — B2 4 Ax(e)}
teto—38,to+6)
t(6 7 1—to)" 2] +0(8
:CO(O)[ulo +ua( 0) ]+ ()5—>oo, as 6 — 0.
0(6?)

Thus, there exist £,0 > 0 such that 0, (t) =60, at A\* = A*(¢) for some t <ty +J. Thus, for A\* that
is small enough, 6..(t) intersects with the line 6 = 6,.

Since 6 (t) and hence its unique intersection with ¢ =1 or § = 6, are continuous in A*, a \* exists
such that 0,,(1) = 6,. Furthermore, it can be shown by contradiction that 6., (t) passes through
(1,6o) only if 6. (t) >0 for all ¢ by (EC.17). Thus, 0. (¢) is decreasing in A* and there exists a
unique A\* such that 6., (1) = 6.

U

Proof of Proposition [].

1. When wiwy >0, Gi(21(t)) =G*(2(t)) = G3(22(t)) and z(0) =0 by Theorem [ as

Zuj (G (2 (0)]" " = Az(0)" (WTW)~15(0) = —Az(0) " (WWT)'2(0) < Zuj O

We then establish that, when z(t) is increasing in ¢, an equilibrium must be unique if it exists. The

first-order condition @D is equivalent to

wi(n—1) [G;(z(0)] " G (2(0) (1) = 1_<35W>

Since G7(#1(t)) = G5(22(t)), (EC.11)) reduces to

7(2(t) = wiwazs_;(8)25(t).  (EC.11)

J

dzy _ us(z1 — Wi Wa) 0 (EC.12)

dz, uy (20 — 2y Wiwy) —

as z(t) is increasing in t¢. Letting v = %7 we can rewrite (EC.12) as

dv  uy — (U — up)Wi Wov — u1v°

(EC.13)

Zldizl a uy (v —wiwy)

For any v that satisfies the boundary condition, uy — (uy — u1)w? wov — uyv? = 0, which has

exactly two solutions: one positive and one negative. Since % =v+ ddj”lzl > 0, only the positive

— WTW 2 — — WTW . . .
solution, v = Ve —u)wlwa)? by up (up ) 2, satisfies (EC.12)) and a unique solution G3(z;) =

2u1
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1
* T n—T
<’\(lwlw2vng> to (EC.11)) exists for any A\* > 0. The support of G* is the line seg-

uy (1—(w{w2
ment {(zl,vzl)T|21 €1[0,G;7'(1)]}. By Theorem (6) becomes A* + (u; + us)Gi" *(21(t)) —
Nz(t)T(WTW)z(t) = 122 and thus, \* = “22 and is unique.
2 T * — 1
: n—=1l/_\  yx_T T —1 2wi wal v
As the Hessian of J;UJG]- (z;) = Xz" (W'W) g, (vl wa)” ( 1 —1/v
positive root of uy — (uy —u; )W{ wov — uyv? =0, is negative semi-definite and an equilibrium exists.

) where v is the

2. When wiw, < 0, Gi(21(t)) + G3(22(t)) = 1 for any given ¢ € [0,1]. Letting z =
25(0)(w{wy,1)T, we have
2 2
STGE)])T - AT WIW) 122> Y (G5 (0)]" - Az (0)T (W W) ~12(0)
Jj=1 j=1
and hence, z(0) = 2 by Theorem [} Following a similarly argument, z5(1) = z;(1)w] wy and the
support of Z* intersects with the lines z; = zow] wy and 2z, = 2;w] wy at z(0) and z(1), respectively.
We now establish that, when w!w, < 0, an equilibrium must be unique if it exists. Then, the

first-order condition can be simplified as

(n— Duyt=2 = 1(:;”2(,21 (£) — 2 (t)wTwa) 2 (8), (EC.14)

2N () — ()W W) 24 (8). (EC.15)

—(n—1Duy(1—t)" %= m

Letting r(t) = \/z(t)(WTW)~'z(t) and 6(t) = arcsin (M)

27(t) sin(6g)

2

where 6, = arcsin ( 1_W1Tw2> and applying @, we have the equivalence between (EC.14)—(EC.15)

and

()= o (ut Fup(1 -yt +A*) , (EC.16)

1 df  uit"* cot(6 +6) +us(1 — )" cot (6 — 0)
n—1dt 2 (utnlug(l— )t -t )

(EC.17)

The differential equation (EC.17)) has the boundary conditions ¢, = 6(1) = —6(0) and has a unique
solution (A\*,6(t)) by Lemma [EC.1]
2
An equilibrium exists if and only if the Hessian of ) u;G7(z;) — \*z (WTW) ™' z at z(t),

Jj=1

1 1
wiwy(n—1)2ujugt" (1 —t)" 2 (=) EFEAGEAD)
. . : 1 1
2002 (1)sin(0(1) + 00)sin(0o —00)) \ ~smgm 7

is negative semi-definite, which holds as w? w, < 0.
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Proof of Proposition[5. Let

sy [FOTw 0, e v o)
B f(t)(l,W?WQ), When te [to, 1],

and G1(41(t)) =1 — Ga(4:(t)) =t, where #(t) = \/uﬁ;;ltnl:_"f(l_t)nl If all other competitors

—uity 7u2(17t0)n_1 )

are applying G, then the optimization problem for an individual competitor is

max /Zz:ujé?_l(zj)dG(z) (EC.18)
s.t. /Z(WTW)lsz(z) <1. (EC.19)

The objective value of G is %, while the optimal objective value can be bounded by the dual

u;G;(z;) — Nz (WTW)_lz} for any feasible A > 0. Taking \ = %2 —

n

objective A + max {ZQ

=1

gt —uy(1 — )"t >0, we have

)\+mzax {Zujé'j(zj) -z (WTw)—l z}

j=1

—\+ max {ult}‘_l Fus(1—t)" " = A2 (1), 25(8)) (WTW) (ZE

S~
S
S—
N
——

t1,t2€[0,1]
Uy + Us
n

< +U1t8‘71\/1t2(1—t0)n71.

Therefore, the difference in objective value (EC.18) between the optimal solution and G is upper

bounded by u.tf ™"V uy(1 —to)" .
Recall that (A*,0(t)) is the unique solution to (EC.17) with the boundary condition 6(0) =
w1 fug (1—t)n—1— 21112 4 3«

—6(1) = —6y. Also note that r(t) = \/ = , T(t) = \/"1tn71+“§(17t)"71 where
A=tz g et (1 —t) = wuttz + 0(27). Let 0(t) = —0, when t € [0,,] and 6(t) = 0,

n

when t € (o, 1].
As 0'(t) > 0, we have

n—2 — n=2/us cot (= — 6
- 2/ cot(@(t)2 o) o te o, {/ (=% o) ?
"/ ua cot(0(t) 4 00) + "/ uz cot(6(t) — bo) " urcot (6o — F) 4+ "R/uzcot (—F —6o)
r<— U cot(@(f)2 o) for e (3 ) 1l
" urcot(0(t) + 6o) + "7/ uz cot(6(t) — bo) "Rfurcot (Bo+ ) + "R/uzcot (5 — o)

Thus, §(t) + 6, =O(37") for t € [0, 1] and 6y —6(t) = O(3™™") for t € [3,1]. Furthermore, according
to the mean value theorem,

5= (-3) (=Dt (1= 10" 0()

"*2/u2cot(§—90) =2/, cot(f%fﬂj) = A — A s

n=2/y, cot(00+%)+ n=2/yy cot(%fﬁg) =2/ cot(Gof%)+ n=2/yy cot(f%feg)
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ecll

and thus, \* — A= O (uity 2+ us(1 —to)""2) = O(27"). Therefore,
o (r(¢) cos (t), (2)sin () — (#(t) cos B(2), 7()sin (1)) |
<OO)0()+0) + () =7(0] =0 ()
t:[??i] )(r(t) cosO(t), r(t)sinO(t)) — (f(t) cosO(t), 7 (t) siné(t)) 2
< t:[?)%] r(t)+7(t)=0 (x/ﬁ (\f) ) ;
t:él?l] (7 () cos O(t), r(t) sin 0(t)) — <f(t) cosO(t), #(t) sin Ot )) 2
<0100 —0(0) + sup () ~7()] =0 <3) ,
and hence, sup | (r(t)cos0(0).r(1)sin (1)) — (7’( )cosO(t), #(t) sinA(t )H 50 as 1 — 0.
P72"oof of Pr;)positz'on [ECd If wID;'wy, = wID;'w, = 0, then, z(WTD;'W)! ;
oy T w§1;§1wQ’ i=1,2.

1. We show that holds at (A}, A\3) =
(a) Both G'* and G** are feasible as

(AwiD;y wg,/\w2D Wz)

1 Gl* ni+n2 _ rnitng
/Z(WTD*IW)*lsz“(z):/ = (Gr) S iy
L )\1 ni +ne Al (n1 =+ TLQ)
i} 1 1 G2* n2 L Gz* n2 1 G2* ni+n2
/Z(WF‘FD;1W)71de¥2 (z) =— / uldu—&—/ U2Lnld¢+/ uzd( )
/\2 0 n2 0 no L ni +n2
1 {ﬂ uz (1 M )] _
)\3 no ni + n2 ng
Since ; < By, for z; € [0, “{fb} and z, € [O, “72],
1 . 2 [a(ad 4 [1 /a8 \=
G ()" TG (7)) =M — AT - Al
u; G (%) 5 (25) 1W1TD wi | B <u152> + A1 ;D;1W2 i3 (uzL’”)
)\* ( Zl Z% )
=\ wWID'w:  wID;'wy/’
2 2
1 nl 2k no—1 21 Z2
u;G5" (z)" G =) )
Z iGi" (24) () 2(wa2_1w1 WQTDQ_IWQ)

and the equality holds when z; = z, =0.
(b) Both G'* and G?* are feasible as

(G%*)"ll

U2

1 (G%*)nthz

Tx7) —1 Loy _ U2
/z(W W)™ zdG (Z)_X{ -

L
/ L"d
0

+ d
/L ni1 + n2

)
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_ U2 (nl +TL2LTL1+"2> 1

)\7’{ ni(ni +nz)
1 G2* n2 1 G2* ni+n2
/Z(WTD;W)*sz?*(z):i / uldM+/ qu%
)\; 0 no L ni + n2
_ 1w w (Ao
A5 | n2 n1+n2

Furthermore, since wi D, 'wy, < wiD; 'wy,

22: Gl*( )7L171G2*( )n2 TZ% 51 ( )‘Z% )nzll + )\iz%
U4 i (25 i (25 = —_— —
= o B2 \ w12 Dyt

=7
wi; D] wy wy D] wa
2 2
* <1 22
S)\l T1y—1 Ty—1 )
wiDT 'wi  wiD7 ws
1 2 Y1
Afz2 \ni-1
2 * 2 * 2 ( 172 )
L ni 2% ng—1 A3zi A323 ug L2
u; G5 ()" G5 (z5) = A1
I J J J TD—l TD—l L
=1 wi; Dy wr o wiy Dy W

=2 TTy—1 TTy—1
wi Dy w1 wi D5 we

wwID; w .
for z; € [0, \/ Ai;gill] and z, € {0, KE} , and the equality holds at z; = 25 =0.
1W2 Py W2 1

2. We can easily verify that holds at (A}, \5) = (AwID;'w, AwI'D; 'w,) following a similar
argument.

3. We can also verify that G** and G** are feasible, and holds at A} = % and A} = Z—i
O
Proof of Proposition[EC.2. The case with n; =1 and n, > 1 and the case with n, =1 and

ny > 1 are symmetric. The proofs are almost identical, so we only present the proof with ¢ =2 and

omit the other case for brevity.
1. (a) follows from an identical proof of 1(a) in Proposition [EC.1l For (b), we will show that
holds at (A;,A;) = (w/D;'w;A, w/ D 'w;(1— L))). Both G** and G’ are feasible as

/z(WTDi—,lwrlszi’*(z):;{_fl /G;:Ln% ()" ~1]d [(Gl)_nL—L (GZ*)I_M}

_ Ui —nih(L) _
‘&LL¢Mwn+14‘L
/Z(WTD-_1W)_1szi*(z):i /1u,/d(G?)ni +/1 Us; ((GQ*)nz —L) dG2*
@ )\,; o T ni L% 1-L 2 2
1 (17 uzh(L)
S e T Sl N
v {n * (1—L)(m—|—1)}
. D lw, Tp—lw. .
Note that, when L increases from 0 to 1 — WZT AL W}Dilwz, the left hand side
w; Di’ w; W»L'/Di W,/

Tp-1 Tp-1 Tph-1 Tp-1 2
w; D winu;—w; Di’ Wi,/ uiC(wi Di’ Wi'wi’Di wi/)

of (EC.1)) decreases from —*- — - - >0 to -
n;+1 (WlTDlllw'LJ"w;TDl lwz"z)nz - 2

1 1
(ni+1)(w3;Di, W/ 'szDi wl)
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T~—1 TH~—1
w; D, twinu—w; D, WU, . .
ZDZ_ZI : < 0. Therefore, there is a unique
< : +w TD wzn1>

T
wD w/*l—

T
Wi/Di/ W . w; D

W;Dilvv:f} satisfying (EC.1)), at which

Le {0,1— e

2 T-1 Ty—1 ix .2
)\*/z, wy D wy owp Dwy G (2 1725
E uw; G (2)" = Lt B G + +u; L

wl Ty -1 Ty -1 — Ty —1
D, twy wiD, w; w,D; wy (1-1L) w! D, w;

2 2
Z:r zZ;
<\ t + . +u; L
=7\ T —1 T —1 1
Wi,Di, Wi W, Di, wW;
2 22 22
1% 2% ng—1 * i/ 7
Y u; G (2)GF (25) =N | 55—+ = .
e w; D wy w!D;w;
* *) T —1 TN -1
2. At (A1, A7) =X (WiD;'wy, wiD; 'wy),
1
Z 7; n; )\:/Z,?/ 1 )\Z?/ ni—1 Al
uj G (z) =2
j i) —
wiD'w; \ L \uy L
k2 1
Ty—1 -1
n Y22 . 1 wy D wy WiTDi W;
W _ .
—1 i 1 —1
wliD;,'w; wIiD'w;,; wiD:'w;
(3 7 (3 7 3
Ty—1 Ty -1
* Z% 22 Wi/D-/ Wi W; D, w;
<\ 7 4 T T [ 1= 3 . i
=" DL TD - 'w, v D lw, TD L )
w,D, wy  wiD, w; w; D, w; w;D; wy
2 2
7% n;—1 Zi’ Z;
E uj (25)Gy (25)™ 7 =] +
iG ) J — — )
wIiD; 'wy  wID;'w;

and both G and G¥* are feasible as

/z(WTDi_,lW)_lszi/*(z):

Ao | wID w 'WZ;D;lwi/ B wliD; 'wy . wID;  'w; “(na+1)
ui/(l — LniJrl)
)\:,(n, + 1)

wy ng + LT WZ'TD;lWi ‘ wiT/Dflw,‘/ _ u; C
Af ni(ni+1)  wiD'wy wliD;'wy Af(ni+1)

Ty—1 Try—1 TH—1 Ty—1
Uy |:Wi’Di/ Wi W Di W; Ww; Di’ Wi wi’Di W/ naC

+ =1,

=1.

/z(WTD;IW)*lsz“(z) =

Thus, holds. (b) holds following a similar argument.
U
Proof of Propositions[7 and [EC.3 If the problem can be reduced to a single-event one
with w, then Z% is parallel to WTw. As u; >0, W # w; for i =1,2 and Zi* = 9Z* for some ¢ > 0.
By Theorem |1} the support of Z* is a subset of the maximizers of 22: u; G (zj)”i_lG;'-/*( z;)" —

Jj=1

Az (WTD; W)~ 'z. Since Gi*(z,) = Gi*(02,), the first-order conditions are
By~ digh o~ diy

@Ul U2

L i=1,2.

Eliminating ¢ in the preceding equations yields and solving the equations yields © =wv. The
second-order condition then implies that di, >0, i=1,2.
At this point, we verify that the distributions in the proposition are indeed equilibria when the

conditions hold.
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1. We will show that holds at A = Lit¥2) 55— 1 9 and i #i’. When L > 0, both G'*

n1la+nol’y
and G?* are feasible as

/ 2(WTW) ' 2dG" (2)

ny
r I r (nqL)n1+n2 Gl 1 el ni+nz

_ Timale 4 naly) (nlL)iﬂrﬁlr"e/ NCa) + . MG i =1,

' 0 ni (nqyL)m1tn2 ni1 + n2

1 ni+nz
/Z(WTD271W)71ZdG2*(Z):FQM/ . ( ) =1,
F1F2 (nlL)"1+"2 ni + n2
and )

. ./ )\*’Udz Z9 2
2 G (2. ni—lG@* PR WTD 1W 12 ( 7) <0
— J ](J) j(]) z( ) |WTD lw| v —

for z; € [O, ,/%} and 2, € [O,U, /% . When L < 0, the statement follows from a

similar argument.

2. We can directly verify that G** is feasible and holds at \f =\5 =1 (F2 A F—l).

r, M T,
3. (a) As the left hand side of (EC.3) increases from m <0 to i >0as L

increases from 0 to 1, there is a unique L € [0,1] satisfying (E . Following a similar argument

as in 1, We can easily verify that G** and G"* are feasible and . ) holds at \}, = w

* _ (1=L)T'y (ug+ug)
and )\'L - (I_L)Fi""”iril °

(b) Following a similar argument, we can easily verify that G** and G+ are feasible and
. *_F/(u+u x _ Dy(ugp+ug)
holds at >\i #1—‘/2 and )\ = #11—‘2’
O
Proof of Proposition[§. Since (v'flgk), e ,ng)) are linearly independent, following a similar
argument as in the proof of Theorem (1], there exists (A};,..., s, ) > 0 such that

1
S w05 TT 6 (Wit o) -3 (D) b= T

i€l JET  LeET_; jeg
There exists (x**,y*™*) such that (x**)" D;x** + k (y**)" y*¥* <1 and is in the support of
competitor 7’s equilibrium distribution, which is a subset of the maximizers of the optimization

problem in the above equation.

Since A}, € [O, 3 uj], max { Souy T G¥(whix+1y;) —An (x"Dix + k'yTy)} €

jeT x€R™y€eR! | je7 ez,

, < 4, there exists

[0, > uj], G' is increasing and bounded, x** is bounded, and Hy’“*
JET

a subsequence {k, :r =1,2,...} CN and (\;,G*,x*), i =1,...,n, such that, as r — oo,
i AL GE = G, je T, xbri - x, ykrit - 0, and

(23 1 Tk * i*T [£3 i*T PES
Zu] H le}< Ty hri +k yfr )—)\kri (xkr D;x"*r +krykr ykT )

JjE€ET  LeT_

= max
xER™ yeRJ

Zu] H Gk O (wjx-l-k > )\krl(x D.x+kry y)}

JET LeT_
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converges. Furthermore, for any x € R,

ZUJ H Gé* T Z*) Xk< Dixi*)

JjeT leT_;

. 1% 1 D% * ix L 1% ix T i%
:TlirgoZuj H G;M <wakT + ko yfr > — Aji <Xkr D, xFri* 4 gyt yh >

jedJ lez_,

> hﬁm Zu] H Gkr -\ (x"Dix)

JjeET eT_;

= Zuj H Gﬁ* (wix) =\ (x"D;x),

Le., x™ maximizes Y. u; [] G¥ (w¥x)—A; (x"D;x), and hence,

j€T  LeZ_;

Z/\: +XERH71112,15(€RJ {Zuj H Gf-*(W]TX) TD X } Zu

i€ ASVE LeT_; jeJ

The proposition then follows from a similar argument as in the proof of Theorem [I}
O
Proof of Proposision[9. We assume, without loss of generality, that D =1.
1. When w!wj >0 for all j and j’, let ®(y) = diag(y)W”" Wy be a function from R’ to R”.
It is obvious that ®(y) is continuous and closed. If R{ ¢ ®(IR7), then there exists a v >0 in the
boundary of ®(R7). As @ is closed, there exists y > 0 such that ®(y) =v and the Jacobian at y,

J J J
diag(y)W' W + diag (Z WIWy, > WL Wy W§Wiyﬂ‘>
j=1

j=1 =1

is positive definite. Thus, v cannot be on the boundary and R} C ®(R7) must hold. As a result,
J
there exists ¥ € R such that ®(§) = 55 (u1, us, ..., us)" € R] where A* =1 (Z u]).

j=1
Let Z* =2U"z with distribution G*, where U follows a uniform distribution on [0,1] and
p= L, w2 Wy Since B (z*T (WIW)™! z*) = 3T (WIW)~ 2B (U"') =1, G* is feasible to
Y1’ Y2 Yy

@ and

J
A G () = N2 (WIW)

Jj=1

= \* —|—Z A2 ] ZJ /\O) ] (Zj \Vi Z]) ] )\*ZT(WTW)_l

IN

- Zuj a2t [diag (W'W)~'2) diag(2) ' — (WTW)%} z.
j=1
Since

T [diag (WTW) ™' 2) (WTW) diag ((WTW) ™' 2) — diag (W'W) ™' 2) diag (2)] x

u; W u; wjr U
= E W W LT — W W CA - E ket wiwy(x; —a;)? <0,
79 N7 ST P N E 22 A2 ! !

g3" i<j
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—1 A

diag ((WTW) z> (WTW) diag ((WTW)_1 z) — diag ((WTW)_1 2) diag (2) is negative semi-
definite, and so is diag (WTW)~'2)diag(z)~' — (W”W)~1. Therefore, condition (6 holds and
the problem can be treated as a single-event problem with w = W(W7W)~1zZ.

2. When w)wj <0 for all j and j’, letting A = LU= g (S ZJ:uj and X be a

nJmn

j=1
_1
random variable with the distribution P(X € {tw,|t € [0,2]}) =1A [(%)n_l + AZQ} R

ujj J

for any z; >0, we have

oy o~ VR N
B (XX) :Z/ A [(‘]J1> +jz§] —1
- 0 J

and the distribution of X is feasible. Since WJTW]-/ < 0 for all j # j, wff( > 0 if and only if
1

n—1

X € {tw;|t > 0}. Thus, G(z;) == P(WIX < z) <1A [(%)%1 + UA(O % zj)Q] and
J

J n J
. R . 1 J—-1
)\+ZU]'G?_1(Z]‘)—)\ZT(WTW)_IZS |:n+ <J> :| ZUJ'.
j=1 j=1
N n
Therefore, G is an e-equilibrium for £ > (%) > uy.
j=1
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