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Abstract. Consider a storage system where the content is driven by a Brownian motion in
the absence of control. At any time, one may increase or decrease the content at a cost
proportional to the amount of adjustment. A decrease of the content takes effect imme-
diately, while an increase is realized after a fixed lead time £. Holding costs are incurred
continuously over time and are a convex function of the content. The objective is to find
a control policy that minimizes the expected present value of the total costs. Because of the
positive lead time for upward adjustments, one needs to keep track of all of the outstanding
upward adjustments as well as the actual content at time t as there may also be downward
adjustments during [t, t + £)—that is, the state of the system is a function on [0, £]. We first
extend the concept of L*-convexity to function spaces and establish the L*-convexity of the

optimal cost function. We then derive various properties of the cost function and identify
the structure of the optimal policy as a state-dependent two-sided reflection mapping
making the minimum amount of adjustment necessary to keep the system states within
a certain region.
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1. Introduction

Consider a storage system, such as an inventory or cash fund, whose content fluctuates according to a
Brownian motion in the absence of control. A convex holding cost of the content is incurred continuously. At
any time, a controller may initiate an upward adjustment to increase the content, which is realized after a lead
time, and/or a downward adjustment to decrease the content, which takes effect immediately. Both upward
and downward adjustments incur a variable cost. The objective is to find a control policy that minimizes the
expected discounted cost over an infinite planning horizon.

In the absence of the lead time, the state of the problem is one dimensional, and Harrison and Taksar [10, 11]
show that an optimal control policy can be characterized by two closed-form control limits. The method used
to analyze the problem is referred to as a lower-bound approach by Dai and Yao [5], and involves three steps.
(1) Based on the optimality equations, heuristically derive some differential inequalities of the optimal cost
function, with at least one equation being tight. This is known as the Hamilton—Jacobi-Bellman (HJB)
equation. (2) For a control limit policy, first obtain a set of ordinary differential equations (ODEs) of the cost
function and then solve those equations. (3) Find the control limits under which the cost function is con-
tinuously differentiable and hence optimal.

The problem becomes much more complicated, however, when there is a positive lead time ¢ for upward
adjustments. This is because the on-hand inventory at t + ¢ cannot be predicted solely from the inventory
position at any time ¢ as there may be downward adjustments in [t,¢ + £). One needs to keep track of the
amount and timing of each outstanding upward adjustment as well as the content on hand at any time—that
is, the state of the system is a function on [0, £]. Thus, step (2) of the lower bound approach will only result in
an uncountable number of partial differential equations (PDEs) with unknown boundary conditions, which
are almost impossible to solve.

To derive and prove the structure of the optimal control policy in the presence of a positive lead time, we
follow step (1) to heuristically derive an HJB equation based on two optimality conditions, optimizing the
timing and amounts of adjustments, respectively. The similarity between our analysis and the lower bound
approach in Harrison and Taksar [11] stops here, and we proceed with the following steps, each of which
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involves challenging and deep mathematical analysis. (2) Extend the concept of L*-convexity defined on finite
dimensional spaces and introduced by Murota [13] to a function space, and show that the optimal cost
function is the limit of the costs of a series of periodic review systems and hence is L*-convex in our state space.
This is one of the key steps in our analysis and a fundamental building block. (3) Derive some properties of the
optimal cost function using the L*-convexity of the cost function, and identify two sets of states in which an
upward and a downward adjustment are needed, respectively. These two sets also reveal the boundaries of
the PDEs for the HJB equation. (4) Construct a state-dependent two-sided reflection policy making the
minimum amount of upward or downward adjustment necessary to prevent the state from entering into the
two sets and prove it is optimal. Such a policy is much more complicated than that in Harrison and Taksar [11],
and the proof of its optimality requires the establishment of properties such as the monotonicity, Lipschtiz
continuity, and complementarity of the policy.

Existing methods can only deal with systems with single dimensional states—for example, zero lead time
for both upward and downward adjustments in our problem. For periodic control problems, except for those
with states of one or two dimensions, the common approach is to establish the Li-convexity of the optimal cost
function, with which a threshold policy can be easily shown to be optimal. Such an approach cannot be
applied directly to problems with instantaneous control as L’-convexity is only defined on finite dimensional
spaces. As one can see, identifying the optimal policy is nontrivial even after extending and applying the
concept of L*-convexity to a function space (i.e., step (2)), and requires additional challenging steps—that
is, steps (3) and (4) mentioned above.

The remainder of this paper is organized as follows. In Section 2, we provide a brief summary of relevant
literature. In Section 3, we present a precise mathematical formulation of the Brownian control problem. We
then derive two optimality conditions and provide a heuristic derivation of the H]B equations. In Section 4, we
extend the concept of L'-convexity to a function space, and show that the optimal cost function is the limit of
the costs of a series of periodic review systems and hence is L'-convex. In Section 5, we provide various
properties of the optimal cost function, which lead to the optimal control being a state-dependent two-sided
reflection policy in Section 6. The conclusion and discussion are included in Section 7.

2. Literature Review

Research on the stochastic control of Brownian motion dates back to Bather [1] and the early work was aimed
at minimizing the total expected discounted costs. Constantinides and Richard [4] show that a control band
policy is optimal when there is a fixed cost for upward and downward adjustments, and Harrison et al. [12]
develop a method to find the optimal bands. Davis [7] and OJksendal and Sulem [14] show the equivalence of
this control problem to a sequence of optimal stopping problems. All of these papers assume that the holding
cost is linear. Dai and Yao [6] extend this work to a general convex holding cost function. Harrison and Taksar
[10, 11] prove that a control limit policy is optimal absent fixed costs under linear and convex holding costs,
respectively, and the latter also provides a procedure for computing the optimal limits. The methodology used
in these papers is the three-step approach described in the introduction. Later, these policies are shown to be
optimal also under the average cost criteria by Ormeci et al. [15] and Dai and Yao [5] with fixed costs when the
holding cost is linear and convex, respectively, and by Taksar [22] without a fixed cost.

Note that all of the abovementioned work assumes away a positive lead time for upward or downward
adjustments, except that of Jksendal and Sulem [14], which shows that, with some additional assumptions
that will be discussed in Section 7, the problem where the lead times for upward and downward adjustments
are the same can be reduced to one with zero lead times.

Since the state in our problem is on a function space, the literature on L*-convexity that extends convexity to
multiple dimensions is also relevant. We refer to Zipkin [24] for an excellent summary of the development of
the concept and its application in inventory management. By establishing the L*-convexity of the optimal cost
function, Zipkin [24] develops a new approach to the structural analysis of the standard, single-item, lost-sales
inventory system with a linear ordering cost and a positive replenishment lead time. This concept is also used
in the structural analysis of problems where the state is of a finite dimension—for example, inventory-pricing
control with lead times (Pang et al. [16]) and perishable inventory systems (Chen et al. [3]). In our paper, we
will extend L*-convexity to a function space.

The two-sided reflection policy shown to be optimal for our problem is inspired by the work of Skorokhod [20, 21],
which solves the stochastic differential equation for a reflecting Brownian motion. The idea of the reflection
mapping is widely used in the study of queueing systems. For example, Harrison and Reiman [9] and Reiman [19]
obtain the heavy-traffic limits for some open queueing network using multidimensional reflection mappings.
We refer to Chen and Yao [2] and Whitt [23] for more in-depth knowledge about reflection mappings.
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3. Model Description
In this section, we formulate the problem mathematically and heuristically derive the Hamilton-Jacobi-
Bellman (HJB) equation.

3.1. Problem Formulation
3.1.1. Modeling Details. Let Q) be the set of all continuous functions w:[0,)— R, and W;:QQ— R be the
coordinate projection map Wy(w) = w(t) for t>0. Denote by # = o(W,,t>0) the smallest o-field such that W; is
Z -measurable and %; = 0(W;,0<s<t) for each t>0. Also let P be the unique probability measure on (Q, %)
such that W; is a Brownian motion with drift y and variance 02, and E be the associated expectation operator.
Now consider a storage system, such as an inventory or bank account, whose content H;, ¢ >0, fluctuates
according to a Brownian motion W; with drift u and variance ¢?, without any control. Holding costs are
incurred continuously at the rate h(H;). At any time, we may take an action to cause the storage level to jump
by a positive amount after a fixed lead time ¢ or by a negative amount that takes effect immediately. An
upward adjustment incurs a variable cost k', while a downward adjustment incurs a variable cost k'. Thus, the
cost for an upward &' and/or downward &' adjustment at any given time is given by

P(E, &) =K'+ ke @)

When ¢ =0, the problem reduces to that in Harrison and Taksar [11]. With a positive lead time for upward
adjustments, the problem becomes much more complicated for the following reasons. (i) As instantaneous
downward adjustments can occur at any time, by itself the inventory position at any time t cannot predict the
content on hand and hence the expected holding cost at time t + £. One needs to keep track of the content at
any time f, as well as all of the upward adjustments that will be realized in [, + {), or a profile of outstanding
upward adjustments. (ii) With continuous time, such a profile is a function on [0, {]. Dynamic control with
infinite dimensional state variables is well known to be extremely challenging, and there has been little work in
the literature. Next, we define the state and decision variables, and provide the system dynamics of the model.

1. The state variables: Let &;(u) €R be the content of the system plus the total amount of outstanding
upward adjustments at time t that will be realized by f + u. Then, ¥;(0) is simply the content of the system at
time t. Since all of the outstanding upward adjustments at time ¢ will be realized before t + £, we have &;(u) =
Zi(€) for u>¢ in our state. Thus, ¥;(u1), u >0, is right-continuous, nondecreasing, and constant for u ><¢.

Let & = {%(11), u > 0} be the state of the system at time t and D be the set of all possible states. That is, D is
the set of all functions on R, with the following properties: (1) right-continuous on [0, c0) with left limits in
(0, ), (2) nondecreasing, and (3) complete, which we establish in the appendix. For convenience, we denote
$={%u)=1,u>0}eD and X +a={F(u) +a,u>0}eD for aeR.

2. The decision variables: Let Y'(t) and Y*(t) be stochastic processes adapted to the filtration % for all £ >0,
representing the cumulative upward and downward adjustments up to time ¢, respectively. Thus, Y and Y*
are nondecreasing functions. For convenience, let © = (Y', Y*) = {(Y'(t), Y!(t)) : t > 0} represent a control policy over
the planning horizon such that any control at time ¢ is based on information that has been revealed up to t.

3. The system dynamics: For any t> 0, given the initial state ¥y and policy 7 = (Y', Y'), we have that

[ Fou+H+ Yt +u-0) =Y+ W, u<t,
%(”)‘{%f(f) st o

To see the intuition, we just need to focus on u where u <¢. Apart from W;, ¥;(1) includes the content at time
0 plus the upward adjustments made before time t + u — £, minus the downward adjustments made up to ¢.
The content at time 0 plus the upward adjustments made before time t+u —{¢ consists of two parts:
(1) %o(u + t) is the content of the system at time 0 plus the upward adjustments made before time 0 that will be
realized by t + u; (2) Y'(t + u — €) is cumulative upward adjustments made after time 0 that will be realized by
t+ u. Taking u = 0 in (2), the content on hand at t can be written as H; = %:(0) = Xo(t) + Y'(t — ) — Y'(t) + W;.

3.1.2. The Cost Function. For any given policy m and initial state & = %, €D, the total expected cost can be
written as

C#,m) =E [ /0 " e, (0))dt + /O T Y () + kYD), 3)

where y is the discount rate. We impose the following mild assumptions on the holding cost function for the
rest of this paper.
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Assumption 1. The holding cost function h:R — R* satisfies the following conditions: (1) h(-) is convex and piecewise
C2-continuous; (2) h(0) = 0; and (3) there exists M >0 such that |h'(-)] < M.

Parts (1) and (2) of Assumption 1 guarantee that it is never optimal to make a downward adjustment exceeding
the available content at any time. Without loss of generality, we will only consider feasible policies that result in
finite control costs—that is,

E [ / T e @Y (1) + dYH(1)] < oo. (4)
0

Thus, under Assumption 1, a policy 7 is feasible if and only if C(¥, nt) is finite. Denote by IT the set of all such
control policies and by C'(¥) = infe{C(¥, )} the optimal cost.

The following proposition establishes that the optimal cost C*(%X) is Lipschitz continuous on ID. All of the proofs in
the paper are either in the main body or can be found in the appendix. Since the states are functions, we define the
distance between two states ¥ and ¥’ €D as d(X, %) = J, 80 e M%(t) — X' (t)|dt. Tt is easy to see that the space D is
a complete metric space under the distance d(, -).

Proposition 1. Under Assumption 1, C(¥) is Lipschitz continuous. That is, for any states & and &',
|C(%) = C(X)| < MA(%, & ).

3.2. Heuristic Derivation of the Hamilton—Jacobi—Bellman (HJB) Equations
We first note that, for any given initial state & €D, the optimal cost should satisfy the following optimality
conditions:

oy s - \
C@) =, inf {9, +C(@ea ()} &)
C(&) = inf {E [ / e " h(H(u) + Wy )du + e775C (05(%) + Ws) }, 6)
s> 0
where s is a stopping time and
Dgr (%) = {X(1) — E+EM g 120}, @)

os(X) ={%(s +u),u >0}

are the states after an adjustment (&7, &') is made and after a period of time s with no adjustment for a given
initial state &, respectively. Let

C&, &84 = p(&1,&4) + C'(@er,01(%)) 8)
be the minimum cost under a given adjustment (&', &'). Assume for now that ac@gg,gl) and 3C(9§’§’8) exist,
which we will prove later. Then, with a small amount of adjustment e,

C(%,€,0) =C(X) + (QC(;L&O'O) + o(e), )
C(%*,0,e) =C(%) + 8(?((;%;5,10,0) + o(€). (10)

If (&7,&Y) =(0,0) (i.e., no adjustment is made at time 0), absent further adjustment, the state at time s>0
becomes os(¥) + w for any realization of Wy = w. We define

Vy(w,s) = C'(05(X) + w). (11)

If no adjustment is made for e amount of time, then, by Ito’s formula, the minimum expected discounted cost
becomes

E [/6 e (X4(0))dt + e 7 Vy(We, €)| = C'(¥) + [[V(0,0) — ¥ V(0,0) + h(¥(0))]e + o(e), (12)
0
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where the operator I' = £ + % % +u£. Thus, for any given %,

9C(%,0,0)  IC(,0,0) _
o&T s

which is precisely the HJB equation associated with the state . Since there is an uncountable number of ¥ in
the state space, the HJB equations involve an uncountable number of PDEs with unknown boundary con-
ditions, and no known method is available to solve it directly. Instead, we will solve the problem by first
establishing the L*-convexity of the optimal cost function on function spaces. A solution to the HJB equations
will be given in Theorem 4.

[TV(0,0) = yVi(0,0) + (%(0))] A (13)

4. The L'-Convexity of the Optimal Cost Function

Since the concept of L°-convexity is defined on R", we first study a periodic version of the problem. We then
extend the concept of Li-convexity from R” to D by linking the problem to the limit of a series of periodic
problems.

4.1. A Periodic Review System

Consider a periodic review of the system with period length {—that is, an upward adjustment takes 1 periods.
In such a system, the state in any period is an n-dimensional vector denoted by x; = (x;0, X1, ..., Xt n—1) Where
Xto is the current content of the system and x;;, 1<i<n -1, is the content of the system plus the total
outstanding upward movement that will be realized from period t + 1 to t + i. Letting y} and y} be the upward
and downward adjustments in period t, we obtain the following dynamics:

Xt+1 = (X1, X2, Xeuo1, Xeno1 + Y}) — yre + wye, (14)

where e is a vector of all 1’s whose dimension will be clear from the context, and w; = Wi:ne — W is the
random change caused by the Brownian motion. Let N, represent a normally distributed random variable with
mean au and variance ao? for any a>0. Then, the discount rate becomes o = e and holding cost is given by

¢
/" eysh(x+Nﬁ)dsl
O n
in the periodic system.

Next, we present some definitions where the concept of L*-convexity can be found in Zipkin [24], and show
that the optimal cost function for the periodic system is L*-convex.

H'(x)=E

Definition 1. Let f be a function on R".
1. f is submodular if for any x;,x; € R”, f(x1) + f(x2) = f(x1 V X2) + f(x1 A X2).
2. f is Li-convex if the function g(x, &) = f(x — &e) is submodular in R"*+1.

Thus, a function f is Lb-convex if and only if, for any x1,x, € R" and &;, &, €R,

foa—&ie)+ flxa = &0) 2 fxaVxg = (&1 V &r)e) + f(x1 Axa = (&1 A &p)e).

To show the L*-convexity of the optimal cost function for the periodic system, we define C;"(x;) as the optimal
cost function from period f to T for a given (T,n) and state x;. Then,

C"(x) = min {e/" 0,y v}

1Y =

where

¢t (0a, Y}, ) = Ky} + Kby} + aB [CI () + 1 (v = )]
for 0<t<T -1 and C3"(xr) = 0.
Proposition 2. ¢, (x y'y") is Li-convex in (xx,,y*), and C/""(x) is L*-convex in x.

By theorem 6.2.3 of Puterman [18], C*"(x) := im7_ {Cg’"(x)} <oo is the unique solution to the optimality
equation C®”(x) = miny yi50 {¢™"(x,y',y*)} where

Myt yh) =K'y + Kyt aE [CO((x1, X2, -+, X1, Xne1 + Y1) — yre + wie) + B (x — )|

and hence we have the following theorem.
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Theorem 1. C®"(x) is L*-convex and hence the optimal cost for the infinite horizon periodic review system for any given n.

Thus, there exists a unique optimal adjustment (y',y') for any given x and the optimal y'(y') is increasing
(decreasing) in x, where the order of x in R” is defined in the usual way of component-wise comparison.

4.2. The Continuous Review System
Since the state ¥ is defined on D rather than R”, we need to extend the concept of L*-convexity to D. The
Li-convexity of C*(¥) will enable us to construct an optimal policy in Section 6.

Definition 2. Suppose that &1, ¥, € D.
e Order: %1 =%, if X1(u) >%(u) for any u >0, and %1 <%, if &1 (u) <%y(u) for any u >0.
® Max and Min Operations: ¥1V &, = {¥1(u) V %2(u),u>0} and X1 A%y = {%1(u) A X (1), u>0}.

Definition 3. A function F on D is L*-convex if, for any &1, X, €D and &1, 5 €R,

Fy = &)+ FX2 = &) 2 F(%1 V&2 — (&1 V &) + F(1 Ao — (&1 A &)
To connect the periodic review systems with our original one, for any given state & and policy 7, consider
the following discretized state %" and policy 7" that makes adjustments only at multiples of £. It is easy to see

that ¥" and ©" approach & pointwise and 7, respectively, as n — co.
1. The state ¥" is such that

%(9), ifo<u<i,

n _ ) ’
) = R0, if E <<l i=2,3,n, (15)
x(0), ifu>¢.
Let
<= e 2 (5 x5 o)
n n n
2. The policy 7" = (Y™, Y™) is such that
141 141
YiI(E) = 2 & and YU (1) = D&, (16)
i=0 i=0
where (&1, ) = (V10 Y(0) and (£, 7% = (¥1(5) Y1 (55), vi() - ¥} () for i =12
Then, the cost of the system for a given (X", ") is given by
C&",n")=E [/ e ""h(%}(0))dt + / e (K dY"(t) + kldY”l(t))], (17)
0 0

where ¥} () is the corresponding state at time f under 7" with the initial state &”. By (2), we also have
%/ (0) = %,(0) as n— oo for any t>0. It then follows, by (3), (17) and the Lebesgue’s dominated convergence
theorem, that

V}im C(&", ")y = C(%, n). (18)

It remains to be shown that the optimal cost of the original problem is the limit of the costs of periodic review
systems and hence is L*-convexity by Theorem 1.

Proposition 3. C*(%) = lim;— 100 C*"(x").
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Proof of Proposition 3. Since C*(¥) is the optimal cost, for any € >0, we can find a policy 7 such that C(¥, 7t) <
C*(%) + €. On the other hand, as C*"(-) is the optimal cost of the periodic review system, C*"(x") < C(¥", "). Then,
we have
lim sup C*"'(x") < lirp C&", ") =C(&,m)<C(%X) +e.
n—+00 n—+eo
As €>0 is arbitrary, we have limsup, ,  C*"(x") <C(¥). Combined with the fact that liminf,_, ;. C®"(x") >
lim, 1 C(X") = C*(¥), we have the result. O

Theorem 2. The optimal cost C*(¥) is L*-convex in D.

Proof of Theorem 2. For any &1, ¥, €D and their respective x| and x}, it is clear that x| V xJ is the vector form of
(%1 V&) =(%1)" V (X)" and x| AX] is the vector form of (X1 AX2)" = (¥1)" A (X2)". For any &;, &, €R, by the
L#-convexity of C*"(x) in Theorem 1,

Co¥M(xy — E1€) + C(xy — £,€) 2 C(X] V x5 — (&1 V &x)e) + C (x| AXG — (&1 A Ep)e).

Letting n — co, we see that C*(¥) satisfies Definition 3. O

5. Properties of the Optimal Cost Function C*(¥%)

5.1. Impact of Adjustments on the Cost Function

Recall the function C(¥, &7, &Y) and their partial derivatives ac(?)g,;?,gl) and QC(%’E‘?’&) introduced in Section 3.2.
A quick fact is that the Li-convexity of C*(¥) immediately implies that the cost function C(¥, &', &) is convex
and differentiable in &' and &'. The following properties of the partial derivatives will help identify the control
regions and consequently construct the optimal policy in Section 6.

Lemma 1. Monotonicity of the derivatives:
ICEL,ELEY o IC(HnELE!
1 If % 2%, and %1(0) = Xa((), 20G28) > EE)
2. For a>0, 200EE) > SCLLE)
3, CELLE)
- S5E

is decreasing in &.

Lemma 2. Continuity of the derivatives: aC(zg,g,gi) and aC(agg,gi) are continuous in ¥.

Proof of Lemma 2. Since the proofs are similar, we only prove the continuity for %5’51). Suppose it is

not continuous and there exists a9 >0 and a sequence {¥,,n=1,2,...} in D such that, as n — oo, d(¥,%,) =0
but ac(aj;é?"y) - ‘QC(%‘%‘?’&) >2a9 or < —2aq for all n. Since C(%, &1, &Y) is convex in &7, there exists by >0 such that
AC(, & +bo,8Y) _ ICE,ENE! IC(,E +bo,8Y) _ IC(%,,E0,E"

(Ehnt)  IOULUL) | g Thus, UL L 20U ELL)

—ap. Since C(¥, &", &%) is convex in &', the partial derivative

TELYy .. . s
2L i increasing in &1, We have

D AC(%, E+ s, &Y Y AC(%, £+ by, &Y
f b — T eYy= e 76 ) A\L e T, eT)
R R e R B
bo ac(%n/ ST/ él) bO aC(g‘a'}'l/ §T+ S/ El) bo
S'/O. (aa—ﬂo)dss./o &—ads_A ﬂods

= C(%nr ET+ bO/ gl) - C(%nr CST/ ST) - ﬂ()b()-

On the other hand, because d(¥,%,) — 0 as n— oo and C*(¥) is continuous in D, C(¥,,, &+ by, &) — C(X,,, ET, EY)

converges to C(%¥, &M+ by, &) — C(%, &1, &) as n— oo. This is a contradiction, and %ﬁ’&) is continuous in ¥. O
We also note that C(%,&", &Y = C(D1 (X)) S CH(Dgrrer giv (X)) + P(ET+ €T, &+ €4) = CH(X, &M+ €7, &4+ €4) for

any €',e! > 0. Thus, ac#g,gl) >0 and %5’8) >0, and we have the following lemma.

ACLELE) gy L)

Lemma 3. Nonnegativity of the derivatives: are nonnegative.

Since there are no fixed adjustment costs, any adjustment at a particular time can be viewed as the result of
multiple simultaneous adjustments. Thus, starting with a smaller adjustment allows more flexibility and results in
the nonnegativity of the derivatives.



Xu, Zhang, and Zhang: Instantaneous Control of Brownian Motion with a Positive Lead Time
950 Mathematics of Operations Research, 2019, vol. 44, no. 3, pp. 943-965, © 2019 INFORMS

5.2. The Set of Naturally Reachable States and Its Representation

Starting from an initial state ¥, the state at time s will be 04(¥) + w without any adjustment given a realization
of the Brownian motion W, = w. Thus, for any s >0 and w € R, we call 6,(¥) + w a naturally reachable state from &%,
and {05(¥) + w:s>0,we R} CD is the set of all naturally reachable states from %. For a fixed initial state &, any
naturally reachable state can be fully described by a pair (w,s) e R X Ry, referred to as a reachable state from
a given initial state with a slight abuse of notation.

5.2.1. The Set of States Where No Adjustment Is Needed. At any naturally reachable state (w,s) from an initial
state &, an adjustment may or may not be needed. It is obvious that no upward (downward) adjustment
should be made at & if

dC(%,0,0) dC(%,0,0)
o6t >0( 7e >0)

That is, the set of naturally reachable states in which no adjustment is needed is given by

By = {(w, s)ERXR, : aC(GS@?; @00y, aC(os@?; w,0,0) 0}. (19)
Let
wly(s) = max {w €eR: 8C(as(9?‘; ©0,0) _ 0}, (20)
wy(s) = min {w ER: &C(Os(g?; ©,0,0) = 0}. (21)
By Lemma 1,

dC(0s(¥) +w,0,0) dC(0s(¥) +w,0,0)
o8 >0 ( o8 > O)

if and only if w>wl(s) (w <wl(s)). Thus, (19) is equivalent to
By = {(w,5) e RXR,:wl(s) <w <wi(s)}.

Since 05(¥) increases in s initially and remains constant when s > ¢, by Lemma 1, w},(s) increases in s and stays
constant at w)(€) + ¥(¢) for s> ¢, and w},(s) decreases in s and stays constant at wy(£) + Z(¢) for s > £ as shown in
Figure 1. We do not give closed forms for the boundaries, but only shows the structural properties that the
boundaries for each state ¥ are monotone. How to numerically solve the problem is another challenging
research topic and beyond the scope of this paper.

At any given state &, no adjustment is needed if (0,0) € Ey, or equivalently w?lf(O) <0< ng(O). Otherwise, as

&M (&Y) increases, by Lemma 1, the marginal cost remains zero initially—that is, ac(ggg"fl) (ac%g%t&)) stays at 0 for

a while until it becomes positive. Since there are no fixed control costs, intuitively, the optimal upward
(downward) adjustment should be obtained at the maximum &' (&') at which the derivative is zero. This
means that an upward (downward) adjustment is needed at time s if w<wl(s) (w>wy(s)) as depicted in

Figure 1. w],(s) and w(s) that define Eg.

w w

downward

downward

w(s)
no adjustment = downward and upward
3 why(s) nq |
3 3 upward
! upward !
k S ) s



Xu, Zhang, and Zhang: Instantaneous Control of Brownian Motion with a Positive Lead Time
Mathematics of Operations Research, 2019, vol. 44, no. 3, pp. 943-965, © 2019 INFORMS 951

Figure 1, and simultaneous upward and downward adjustments are needed at a reachable state (w,s) if and
only if wj(£) >w}(¢) as shown in the second case in Figure 1.

Furthermore, we show in the next proposition that w{({) and wy(¢) provide sufficient information for
deciding whether an upward or downward adjustment is not needed at a state.

Proposition 4 (No Intervention Region). No upward and downward adjustment is needed at X if %(£)>w{(¢) and
X(€) <wy(£), respectively.

Proof of Proposition 4. If X(¢) <w}(f), we have ¥ <wj(£)9. By part 3 of Lemma 1, o 5210 0 > 9C(w0(f)900) =0.

Hence, by the definition of w}(¢), ‘9C(§ZP 050. If %(6) > w)(¢), there exists b>0 such that ¥(¢) — b = w}(¢) and

X —b=<wj(t)9. Then ac(% 00 > ac(% bOO) > aC(wo;?Ty 20— by parts 2 and 1 of Lemma 1, and aC(% 90 >0 by the
definition of wj(f). O

5.2.2. Properties of Vi (w,s) on Ey. In this section, we will show that the optimal value function Vg(w, s) defined
in (11) is a solution to the HJB equation (13) with Ey as the boundaries, and we will identify the timing of
adjustment.

Theorem 3. The partial derivatives QV%(w ), avf(w b), nd & Vf(w 3)

&V%(w/ S) + 0_2 82V%(w/ S) + a‘/95@01 S)
ds 2 duw? H 0w

holds for almost every (w,s) € Eg.

exist, and

—yVa(w,s) + h(%(s) + w) =0 (22)

The key step in proving Theorem 3 is to establish the following property of Vg (w,s) in a small enough
neighborhood of any point (@, 5) in Eg.

Proposmon 5 (Key Representation for the Value Function). For a given % € D and (W, §) € B, there exists a neighborhood
of (i, 3), :9?’ S ¢ By, such that

Vg(w,s) =E [/OT e h(%(s + t) + w + Wy)dt| + E[e 77 Vi(w + Wy, s + 7)), (23)

for all (w,s)e& ”(w 9 , where T is the first time the process {(w + Wy, s +t) : t >0} leaves Eg”g}.

Proof of Proposition 5. By the continuity of the partial derivatives in Lemma 2, there exist 6 > 0 and ko > 0 such that,
for any % satisfying d(os(%) + W, %) <30,

dC(%,0,0) . dC(%,0,0)
oct =NV PR
Consider a neighborhood of (@,3), :;"S) = (@,3) + B(5), where B(6):=[-06, 5] X [O y%(f)] For any (w, s)e”(ws)
recall the definition of the distance d(-,-) in Section 3.1,

A(0:(%) + @, 04(%) + w) < d(0(%) + D, 05(%F) + D) + d(05(X) + B, 05(%) + W)
< (s - §)y%(0) + 6 <26.

> ko. (24)

Thus, :éé” *) c Zy. Next, show that the proposition holds in this neighborhood by contradiction via the fol-
lowing three steps. o

1. Suppose (23) does not hold at a pair (w’,s") € E;;U’s). Since Vg (w’,s") = C*(0y(X) + w’) is the optimal cost at
0y (X) + w’, there exists a positive ¢y such that

’

E / eV (RS + 1) + W'+ Wyydt| + E[e? Va(w' + We, 8"+ 7')| > Va(w',s') + co, (25)
0

where 7’ is the stopping time when {(w’+ W,,s'+ t) : t > 0} leaves (@, $) + B(6). Introducing ¥’ = 0+(¥) + w’, (25)
is equivalent to
E

/ R (1) + Wodt| + E[e7 Vi (Wer, 7)] > Vi 0,0) + co. (26)
0
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For any feasible periodic control policy n" = (Y, Y™) defined in (16), let &} be the updated state at time ¢
under this policy n". For any €<, we define N(e) = inf{k : 2% ,(&" + &*) > €}. Without loss of generality,
assume that ZN(e)(.E”T &M = €; otherwise split the adjustments EZ}(E) and/or é;}(e) into two. Let A be the event
where the N(e)th adjustment is made after T'—that is, A ={t' <T},}-
2. Estimate the cost C(X’, ") by considering the events A and A, respectively.
a. On the event A, from (24), the marginal costs for the upward and downward adjustments are quite large,
implying that

C(&, ") > CH(%') + P(A)e "°koe > Vi (0, 0) + P(A)e " Okoe. (27)

b. On the event A¢, the cumulative amount of upward and downward adjustment by the stopping time 7’ is
less than e—that is, d(%, 05(X’) + W;) <€ for any 0 <s < 7’. Combining with (26), we can imply that

C(%’, ") > Vg (0,0) + co — N;e —P(A)(5h + V), (28)

where h and V are two constants. The detailed proofs of (27) and (28) are presented in the appendix.
ay ,
0) 23_),§k0mm{g?%}+26’_1+2‘7. If P(A)>po, from (27) C(&’,m)>

3. Properly choose € =min{0,5;;} and denote pg=
Ve (0,0) + e77%kg min{6, 3} po. Otherwise, if P(A) < po, from (28) C(X’, 1) > Vi (0, 0) + e7%kg min{6, 34 }po. Thus, for

any discrete policy 7", its associated expected cost will be at least V- (0,0) + e77%ko min{6, 33 }po. However, this
is a contradiction of Proposition 3. O

We are now ready to prove Theorem 3.
Proof of Theorem 3. In Proposition 5, we have proved that for any (0, §) € g, we can find a corresponding subset

H(w ¥)C By such that all of the points in the subset satisfy (23). Applying Dynkin’s law in Dynkin [8] to (23), we find

that (22) holds for all (w, s) in :f(w 9 In other words, for any (@, §) € By, we can find a corresponding neighborhood

29 ¢ 2y where (22) holds. Since Ey = | (ws)eEs 2%, we can conclude that (22) holds for all points in Zy. O

Define g > 0 to be the first time the process {(w + W, s + ) : t > 0} leaves Ey. By Ito’s formula and Theorem 3, we
have the following corollary (whose proof is skipped as it is the same as that of Theorem 3). The corollary helps to
identify the time of the adjustment since the equation in the corollary actually holds for any stopping time 7 such
that 7 <1y with probability 1.

Corollary 1. For any given X €D and (w,s) € By,
T
Vog(w,s)=E [/ e (X (s + 1) + w + Wy)dt| + E[e77™ Vg (w + Wy, s + 19)].
0

Based on the L°-convexity of C*(¥) and its optimality, we have the following proposition.

Proposition 6. The partial derivatives ‘W*(w :9) av%(uz]u 9 and ‘92‘3‘?’4(;”’5) exist, and
IVy(w,s) o> PVe(w, s) AVe(w,s)
_ >
%5 +— > 3002 +u o yVe(w,s) + h(X(s) + w) >0

holds for almost every (w,s) ERXR,.

The above proposition and Lemma 3 show that each one of the three terms of (13) is always nonnegative.
Moreover, if & € Eg, the first term of (13) must be zero by Theorem 3. Otherwise, by the definition of Ey, at least one
of the last two terms of (13) is zero. This yields the following theorem.

Theorem 4. For any X €D, Vy(w,s) is a solution to the HJB equations (13) with Eg as the boundaries.

6. The Optimal Control Policy

In this section, we will construct an optimal control policy. We will first define the set of states in which an
upward or downward adjustment is needed. We then examine the corresponding upward (downward)
adjustment policy for a given downward (upward) adjustment policy, referred to as the one-sided reflection
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mapping in Section 6.1.1, and construct a two-sided reflection mapping in Section 6.1.2. Lastly, in Section 6.2,
we show that the two-sided reflection mapping is an optimal control.

Recall that Zy is divided into three regions as illustrated in Figure 1. Proposition 5 states that no upward or
downward control is needed in the middle region, and Equations (20)-(21) reveal that the timing of exercising
upward (downward) control is when the state & hits the lower (upper) boundary—that is, at time s when
w <wl(s) (w>w}(s)). Thus, the optimal policy should exert the minimum amounts of control sufficient to keep
the state ¥; out of D' and D', where

D' = {XeD:w}(0)<0}and D' = {X €D :w},(0) >0}, (29)

which is the two-sided reflection mapping. Lemma 1 immediately leads to the following corollary.

Corollary 2. Let D' and D* be the complements of D' and D*, respectively.
1 IfX =% and X(L) = X'(€), then X €D implies X’ € D'.
2. IfXeD’, then X +a€D' for all a>0.
3. f X =%, then ¥ € D* implies ¥’ € D*.

If there exists a state belonging to both D" and D', then we need to make downward and upward adjustments at
the same time. This can happen when it is too costly to hold a unit of inventory that is likely to be needed £ amount
of time later—that is, when the cost for holding a large amount of inventory is relatively high and the lead time is
relatively long. When this happens, the optimal adjustment can be quite complicated. Thus, we will focus on the
case where D' N D' = &, which holds in most real applications. The following lemma also provides an explicit
sufficient condition for this to hold.

Lemma 4. D'ND* = @ ifand only if wy(£) > wl(£). A sufficient condition for D' ND* = G is k' + k' > 1‘;_”[ maxyso 1 (x).

Proof of Lemma 4. A direct result from Figure 1 is that a necessary and sufficient condition for nonsimultaneous
upward and downward adjustments is w}(£) > w} (). If these two subsets intersect and (&', &) are simultaneously
adjusted, for a downward and an upward adjustment (£ — €, &' — €), we increase the holding cost by no more than

1

v the total cost will

el ge"f’tmaxx>0 I’ (x)dt while reducing the control cost by (k" + k*)e. Since k' + k' > max,o I’ (x)

decrease. O

6.1. Reflection Mappings

We first identify the minimum upward (downward) adjustment needed to ensure ¥;€ D' (¥;€D') at all s>0
for a given downward (upward) adjustment. We refer to them as one-sided reflection mappings that will lead
to the two-sided reflection policy, an optimal control.

6.1.1. One-Sided Reflection Mappings. For a given sample path of the Brownian motion w and initial state &,
the state &; under policy (Y',Y') can also be written as

Fs = 05(X) = Y (s) + 05 (Y AYT(5)9 + w(s)

by the dynamics (2). For convenience, we use the superscripts i,j€{1, 1}, i #J, to indicate a pair of upward and
downward adjustments. For any given (&%, Y, w),

T, Y, w) = {Y': % = 0(%) — Y'(5) + 05e (Y) A Y'(5)9 + w(s) €D, foralls >0} (30)

is the set of all of the feasible one-sided adjustments Y’ that will ensure ;€ D' at all s. Recall that D is a functional
set. For any subset @ #S CD, let inf S be a function that takes the infimum of all functions in S at any point—that is,

(infS)(¥) = ?rég {f(®} for any t>0.

By lemma 14.2.2 in Whitt [23], infSeD.

Definition 4 (One-sided reflection mappings). We call ¢’ : (D, D, D) — D a one-sided reflection mapping for D if, for
a given state ¥, sample path w and Y/ €D,

Y, Y, w) = inf IT(&, Y, w).
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Next, we show the existence of the one-sided reflection mappings in Proposition 7 and provide some prop-
erties of the mappings in Proposition 8.

Proposition 7 (Existence of the Reflection Maps). ¢'(¥, Y/, w) exists and belongs to IT(%, Y/, w).

Proof of Proposition 7. Since the proofs are similar, we only prove the result for ¢"(%, Y*, w). We first claim that
1'%, Y*, w) is nonempty as an adjustment

g(t) = sup {w)() — w(u) + Y (u) - X(u+ O} e IT(X, Y, w).

0<u<t
This is because
%s(0) = X(s + £) + w(s) — YH(s) + g(s) =w)(¢), for any s>0
and by Proposition 4, aC(gego D) = 0. So II'(%, Y*,w) at least has one element.

It remains to be shown that ¥'(¥, Y!, w) e IT'(%¥, Y*, w). For any fixed € > 0 and s > 0, there exists Y"'e IT'(¥X, Y*, w)
such that Y">y"(%, Y, w) and Y (s)<y'(s) + €. Thus, o5(¥) +w(s) — Y (s) + osr (Y) A YV ()9 eD'". Then, by
parts 1 and 2 of Corollary 2, we know that a5(%) + w(s) — Y*(s) + as_¢(¢"(s) + €) A (Y'(s) + €)$ € D'. Because s and €
are arbitrary, " (%, V', w) eITN(%, Y', w). O

Proposition 8. Let & be the initial state and w a sample path.
1. Y%, Y, w) decreases in Y* and YY(%,Y', w) increases in Y'. '
2. sup g, [VI(%, Y, w)(u) — (%, Y], @) (w)| <sup0<u<t|Y] (u) = Yo(u)| for any given t>0, hence V'(%,Y/,w) is

Lipschitz continuous in Y under the uniform norm.

Proof of Proposition 8. We will only prove the results for (¥, Y*, w). )

1. Suppose Yi > Y5. For any Y e€IT'(%, Y], w), 05(%) + 0s—¢) (Y) A Y(5)F = Y{(s) + w(s) € D'. By part 2 of Corollary
2, 05(%) + -y (Y) A Y(5)$ — Y3(s) + w(s) €D for all s>0 and consequently Y €T (¥, Y3, w). Thus, [I(%, Y], w) C
(%, Y}, @) and Y1(%, Y], 0) <N (%, Y5, w).

2. We prove this part by contradiction. For convenience, let a9 = supOSuSt|Yi(u) - Y5(u)| <o and g1 =
(&, Y!, w) and =PI, Yé,a)). Suppose that the inequality does not hold. Define t:=inf{s>0 :[gs(s)—
g1(s)| > ap}. Without loss of generality, we assume g»(7) > g1(7) + 9. Because g and g, are right-continuous, there
exists an € < ¢ such that g»(s) — g1(s) >aop for s€ (7,7 + €]. Consider the following function

vy |giu)+ag uelt,t+e),
&) = { (1) otherwise.
Then, for all t<7, g5(t) = g2(t)<g1(7) + a0 = g5(1) and gy(T +€) = go(T +€)>gi(T +€) +ap. Thus, g, is also
nondecreasing and strictly less than g». Next, we show that g}, €II(¥, Y}, w) or equivalently, for all s>0,

05(%) + 05085 N 5(5)F — Y5(s) + w(s) €D (33)

and hence, we have a contradiction. Note that, o4(X) + 0(s—)gx A gk(5)$ — Y,ﬁ(s) +w(s)eD! for k=1,2.

® For 0<s<1, 0(5-¢)(8%) A 85(5)$ = 0(s-¢)(82) A $2(5)¥, and (33) holds.

* For t<s<t+¢€, g5(s) = g1(s) +ap and o(s_¢)(85) AgH(S)F + a9 >0 (g1) Ag1(s)F. By part 1 of Corollary 2,
05(%) + 0s-0)(g5) A g5(5)F —ag — Yi(s) + w(s) €D'. Since ag + Y}(s) > Y3(s), (33) holds by part 2 of Corollary 2.

* For s>t+e€, gi(s) =ga(s) and o) (85) AgH(S)F < 0(—r)(§2) Ng2(s)$. By part 1 of Corollary 2, (33)
holds. O

Because of the “inf ” operator, (¥, Y/, w)(t) increases in t only when #; hits the boundary of D'—that is,
which is summarized in the following proposition.

IC(#,,0,0) _
,973 0,

Proposition 9 (Complementarity of the Reflection Mappings). If ¥; is the state at time t under policy Y for a given Y/ and
initial state %, then f aC(an 0) dy'(%, Y, w)(t) = 0 for any 0<a<b< co.

6.1.2. A Two-Sided Reflection Mapping. We are now ready to define a two-sided reflection mapping, and show
its existence and uniqueness.
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Definition 5 (A Two-Sided Reflection Mapping). For a given ¥ and Brownian motion sample path w, (Y, Y!) is called
a two-sided reflection mapping if

Y =¢'(%, Y, w), (34)
Y= gl Y, w). (35)

Proposition 10. For any given & and Brownian motion sample path w, there exists a unique two-sided reflection
mapping (Y™, Y").

Proof of Proposition 10. The existence of a two-sided mapping: We show the existence of a two-sided mapping as
the limit of a series of one-sided mappings and the convergence of the mappings is achieved in a finite number of
steps. For any ¥ and sample path w, we construct a series of upward and downward reflection mappings as Y, = 0
and

Yl =92,V 0), (36)

Y =94, Y], ), (37)

fork=1,2,3,---. By part 1 of Proposition 8, one can easily see that both Y,T( and Y,t increase in k (in the sense of
“<”) and hence converge as k — 0. We now show that, for any fixed t, both Y}(t) and Y} (f) converge in a finite
number of steps.

Let ¥ € D' denote the resulting state at time s under policy (Y}, Y}_,) and ¥** € D! denote the state at time s under
policy (YI,Y}), fork = 1,2, Lett] = inf{t : %" D'} and t! = inf{t : ¥ € D'} be the first time %}' enters D* and %¥*
enters D', respectively.

We first prove that for any givenk >1, Y}, = Y{ , on [0, ¢]] for all m > k. The proof of Y}, = Y] on [0, t{] forallm > k
is similar and hence omitted. Thus, Y}, and Y}, converge to Y} and Y} in k steps on [0, ¢/, ] and [0, {], respectively.
Since Y; ,(s) < Yi(s)= ¢ (%, Y}, w)(s) for all s>0, Y;_, is a smaller downward adjustment than Y} and can also
prevent the profile from entering D* as #5" € D* for s € [0, #! ]. Note that the one-sided mappings (36) and (37) on [0, 5]
only depend on the sample path w on [0, s]. Thus, Y;_, = Y} on [0, {]] implying that (Y], Y;_,) jointly satisfy (34) and
(35) on [0, ¢]]. Hence, Y}, = Yl and Y}, =Y} , on [0,t]] for m>k.

Next, we show that ] <t{ <t <t , for any given k>1. Since Y; =Y} | on [0,¢], ¥ = %' for s€[0,¢]] and

ti <t. Likewise, since Y],, = Y} on [0, ], t; <t],,.
It remains for us to show that, for any fixed t, there exists k’ such that t,ﬁ, >t. Denote s; = inf {tlz stst,ﬁ :

Yi(t) = YH(#)}. Then, no adjustment is made on [sy, t}], and %" enters D' after ¢} because of the Brownian motion .
aC(},0,0)

If Yi(s¢) > Y}(s¢—), by Proposition 9, —¢— =0. On the other hand, if Yi(sk) = Yi(sk—), we can find an increasing
AC(#r 0,0
sequence {u,,p = 1,2, --- } such that lim, ., #, = sy and Y}{ increases at u,. By Proposition 9, we have ( 3“5’1 ) 0 for
IC(%4} ,0,0)

p=1,2,..., which implies that —}—— = 0 following the continuity property in Lemma 2. Then, by Proposition 4,
we must have ¥(s) + w(sk) — Yi(sk) + Yi(sk) > wy(€) and X(t) + w(ty) — Yi(k) + Yi(E) <wl(£).
Since Y}(se) = Yi(t), Z(si) <%(t) and Yi(sx) < Y1(t), we have

w(sk) — w(ty) = wg(£) — wh(£). (38)

By the continuity of the sample path w, there exists a 6>0 such that

wh(0) — wh(t)

sup |w(u1) — w(uz)| < 5

|uq —up|<d
0<ug<up<t

This implies that # >s + 0>t +6>t; | +0 if t{ <t. So tlm >t.

Let (Y™, Y*) be the pointwise limit of the sequence {(Y}, Y,l() :k=1,2,-}. Since convergence can be achieved in
a finite number of steps for any given t, (Y™, Y**) are finite at all t > 0. Taking the limit on both sides of (36) and (37)
by the Lipschitz continuity of (¥, Y*, w) and Y1 (%, Y', w), we can show that (Y™, Y**) jointly satisfy (34) and (35).

The uniqueness of the two-sided mapping: Finally, we prove the uniqueness of the two-sided mapping. Suppose
that there exists a two-sided mapping (Y", YV') that satisfies (34) and (35). By part 1 of Proposition 8, Y > 0 implies
Y">Y] and Y¥ > Y!, and subsequently, Y >Y! and YV > Y} fori =2,3,.... Thus, Y" > Y™ and Y*' > Y**. Define
' =inf{t>0:Y"(#)>Y™(#)} and ' = inf{t>0: YV (£) > Y (t)}.
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1. If ' > 7!, then YV (1) = Y*(u) for vt <u<t'. Let

Y'(u), uel0,7),
Y" (1), otherwise.

v = |

Since Y"(u) = Y'(u) for u<t', Y is increasing and strictly less than Y'. By part 2 of Corollary 2,
YV eIl'(%, YV, w), a contradiction.

2. If 7t > 1", the proof is similar and omitted.

3. If 7' = 1!, there exists some & >0 such that both Y —Y" and YV - Y* are strictly positive in (t', 7'+ ).
Denote Ay = X(t+ ) + w(th) + YV (") = YY'(<").

o Aozwz Since %(t), w(t), and YV are right-continuous, there exists a 6<¢’ such that |%(t+ ¢) -
L+ 0)] < DO 1y () - YV (17)] < DO and Ja(t) — w(t!)] < DO when te[r, 71+ 6).

Choose € < w and let
YV —e if Y'(t)>Y!(2), -
Y () = {{YT'(TT) if YV(r1) = Yi(zh), “ €T
y" otherwise.

Then, under adjustments X", y"),

®i(6) = Xt +0) +w(t) + Y (1) - YV (1)

wp(6) = wy(l)

> X(tT+0) + w(th) + YV (") = YV (") - — 2 Ay— M

S0 o

for te[t', 7'+ 6). By Proposition 4, we know ¥;€D' for te[t!, 7'+ ). For t&[t', 7'+ ), ¥; €D’ following the
same argument as that in the proof of Proposition 7. So Y eIT(¥, Y¥, w), a contradiction.

. Ao<wz Similarly, by finding the corresponding 0,€ and letting

Vit _ : V(1 =
Yl”(u) = {{illgz% € ii §UE;T§ ZYYl((TTT))', ue [TTI o+ 6),

YV (1) otherwise,
we can show YV eITH%, Y",w), a contradiction. O

6.2. The Optimality of the Two-Sided Reflection Policy

In this section, we show that the two-sided reflection mapping 7" = (Y™, Y") is optimal and makes the
minimum amount of adjustment to prevent the state ¥;, t>0, from falling into D' and D'. Under the one-
dimensional setting in Harrison and Taksar [11] and described in Section 5, D' = {y <b} and D* = {y >a}, our
two-sided reflection mapping reduces to the same closed forms

R(t) = sup [a — w(u) + L(u)], t=0,

0<u<t
L(t) = sup [w(u) + R(u) —b], t=0

0<u<t

in their paper. This reflection mapping makes the minimum amount of adjustment to keep the controlled
process in the region {a<y<b}.

Theorem 5. The policy m* = (Y™, YY) is optimal—that is, C(%, i) = C*(¥) forall X € D.

We prove Theorem 5 by considering a cost characterized by 6 >0 in (39) and showing that this cost approaches
both C(%, ) (Lemma 5) and C*(%¥) (Lemma 6) as 6 — 0. Let &; be the state at t under the two-sided reflection policy
t=(Y",Y") with initial profile ¥. For any small 6>0, let D'=6={¥" -06,: V¥ €D'} and D'+ 6:=
{%’'+ 6 : VX’ € D'}. For a given sample path of the Brownian motion and associated control 7%, the state &; will enter
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D'+ 6 when %&‘5’0’0) =0 and D' — 6 when % =0 many times over time. Without loss of generality, we
assume that ¥; first enters D'+ 6 and at

. dC(%; —06,0,0)

% :mf{tZO: 9—820 .

The process evolves and eventually enters D' — 6 at

nginf{t>”ci’:ac(%t+gf'o'o)=0}.

For j=1,2,..-, define
' . dC(%; -0
Tg],rl = inf {t> ’cgj : w = 0},

X . X dC(%; +6,0,0)
ng+2 = inf {t> ng+1 : taT = 0};

ng .1 represents the first time &; enters D'+ 6 since Tg]., and ’cgj ., represents the first time &; enters D' — 6 since
ng 1 Thus, ©%,i=1,2,---, form a series of stopping times. Let N(t) = max{k : 1) <t} be the total number of such
stopping times by ¢,
% -6, if t<1d,
P, 5
A0 = S Xy + 0, if Tj-1 <t<1y,
% -6, if ngﬁt<’[(23j+1,

and

%, ) =E

[ ermeopak [ amwwﬂ+w/'rwwwﬂ (39)
0 0 0

is the cost associated with the process {#°} and policy n*. C*(¥, ) differs from C(¥, ") only by the holding

cost term, and the difference is bounded by [ ;oe‘yttdt = %6 as stated in the following lemma.

Lemma 5. |C(¥, ") — CO(%, )| < %6.

Applying Proposition 9 and Theorem 3, we can show the following lemma.

Lemma 6. For any fixed T >0,
C*(%, ) < C(X) + (2EN(T) + 3)Md — R1(%, 5, T) + Ro(T), (40)
where R1(%,6,T)— 0 as 6— 0 for any fixed T and Ro(T) —0 as T — oo.

The proof is quite technical and can be found in the appendix. We are now ready to prove the optimality of the
two-sided reflection policy 7.

Proof of Theorem 5. We first show that EN(t) is finite for any ¢ > 0. Consider a sequence of stopping times of the
Brownian motion W;,

! o
U; = inf {t>0, |Wi| = 771}0(5) wo(ﬁ)},

4

=12,
4

§(0) —wi(C
wzm%bu“mm_m%hﬁiLﬁi%
and let N’(t) = max{j : U; <t} be the corresponding counting process.

By the definitions of two consecutive stopping times 73, ; and 15;, %} enters D* — 6 at 73, ; and then enters D'+ 6
at ng. By the same argument leading to (38) in the proof of Proposition 10, for a small enough 6, there exist
75, <81 <52 <75, such that
wy(6) = wy(0)

Wi, — Ws, > w§(£) — wh(£) — 26 > 5
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Thus, there must exist i; such that U; € [s1,82] C [ng_l, ng] for eachj=1,2,---. Hence, N(t) <2N’(f) for any >0,
and EN(t) is finite. Fixing the T and letting 6— 0 in Lemma 5 and Lemma 6, we have

C(&, ") <C(*) + Ra(T) (41)

for any T>0. Note that Ry(T) =0 as T — oo, combining the above with the optimality of C*(¥), we have
C,m)=C(%). o

7. Conclusion and Discussion

In this paper, we consider the optimal control of a storage system whose content is driven by a Brownian
motion in the absence of control. Because there is a positive lead time for upward adjustments, the state of the
system is a function on a continuous interval, and such a problem is extremely challenging. We develop
a novel four-step approach described in the introduction to identify the structure of optimal control as a state-
dependent two-sided reflection mapping that makes the minimum amount of upward or downward ad-
justment to prevent the state from entering into certain regions. To the best of our knowledge, this is the first
paper to study instantaneous control of stochastic systems in a functional setting, and the methodology
developed in the paper may inspire ways to solve other control problems in various applications.

7.1. The General Case with a Lead Time for Downward Adjustments

We have assumed that downward adjustments are instantaneous. If they are not and there is a positive lead time for
downward adjustments, then by the time a promised downward adjustment is made, there may not be enough
content left because of the Brownian motion. The only way to avoid this situation completely is to add a constraint on
downward adjustments and set aside enough inventory. But then it will be too difficult to calculate the inventory cost.

Now suppose that backlogging of downward adjustments after the lead time is allowed at the same penalty
cost as that whenever the content is negative. Then, if the lead times for upward and downward adjustments
are identical, the problem can be reduced to one with zero upward and downward adjustment lead times by
theorem 3.11 in Uksendal and Sulem [14]. Otherwise, our analysis can be extended by transforming the
problem into one with a single lead time as follows. Since upward and downward adjustments are symmetric
analytically when the latter can be backlogged, we only need to consider the case where ¢! > ¢! >0 and show
that the system can be transformed into one with zero lead time for downward adjustments.

Define ¥!(u) as the total outstanding movement i, i € {1, |}, at time ¢ but before any adjustment at time f that
will be realized during (tt+u] and % ={%i(u),u>0}. Then, (¥],%}) is the profile of the outstanding
movements at time t with #:(0) = 0 and ¥i(u) = X(¢') for u> €', and (H;, ¥}, %}) describes the state of the system
at time ¢. Hence, for t>0, the dynamics of the system can be written as

Hi=Ho+ Wi+ %)) - %5(t) + YT (t =€) = Yt = £Y), (42)
. Xit+u) =D+ Y(E+u—-)=Y(t-0), ifust,
%) = ?(i u) — %(t) (t+u—"=) ( ), ifu (43)
Xy, else,

and the cost function for any initial state (Ho, %}, %j) and policy 7t is
C(Ho, %), %, m) = E [ / eV h(H, dt + / MY (H) + / e"”klle(t)]. (44)
0 0 0

Now consider another system where there is no lead time for downward adjustments and the lead time for
upward adjustments is £ = €' — ¢}, the initial state is %o(u) = Ho + %}(u + ¢*) — Z5(£*), and the holding cost rate
is h(x) = e VT E[h(x + N o).

Proposition 11. For any fixed policy m,
£
C(%o, ™) = C(Ho, %), %5, m) — E [ / e‘Vth(Ht)dt},
0

where Xo(u) = Hy + X (u + €*) — X4(¢) and E [fgle"/th(Ht)dt] is a constant for given (Ho, %), %}).

This proposition reveals that the difference between the cost functions of the single lead time system and the
original system is a constant under the same policy. Thus, the problem reduces to one with zero lead time for
downward adjustments.
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7.2. Lead Times with General Distribution

In practice, lead times can be random, time dependent, cost dependent, and so on, and indeed inventory
systems with various lead time profiles have been studied extensively in the past decades. Those studies built
on earlier research on systems with zero lead time and a fixed lead time, and Porteus [17] (also, many papers
include those by Nahmias mentioned in the literature review) provides a comprehensive review. In this paper,
we characterize the optimal structure for a continuous review system with a fixed lead time where the state
space is a functional one, which is extremely challenging and a first step toward the study of more realistic
problems. Thus, our contribution is more methodological than a direct application. Below, we discuss the
challenges of solving the problem when the lead time is random and cost dependent. When demand is time
dependent, the problem is even more difficult.

1. The lead time is random and follows a certain distribution on [0, {]. In this case, our current functional
space will not be enough to describe the state because of the uncertainty of the arrival time of each outstanding
order. Furthermore, orders may cross in time—that is, orders placed earlier may arrive later. So one has to first
find a way to describe the state and the system dynamics when the lead time is random, which are nontrivial.
Even if the lead time possesses the memoryless property, the dimension of the state space remains the same as
one still needs to keep track of both the timing and magnitude of each control, which can vary over time.

2. The lead time is cost dependent. Suppose that one has an option to pay a premium for a faster delivery service.
We can show that the optimal cost function for any given lead time, long or short, is L*~convex and the smaller of
two convex functions. However, since the infimum of convex functions is not necessary convex, our structural
results on the optimal policy may not hold.

Appendix

Proofs of Lemmas and Propositions

Proof of the completeness of space D. First, since any function stays constant over > ¢, D is a subset of the complete L! space.
So, for any Cauchy sequence {f;:i =1,2,---,} in D, there exists a f € L! such that () = lim; . f;(t) almost surely. Moreover,
fi(€) must converge as i — co0. Since f;€D is a nondecreasing function for all i = 1,2, --- and well defined at each ¢, f,, =
limsup,_, fi(f) is also nondecreasing, constant for t>¢, and continuous almost everywhere. Thus, there exists another
nondecreasing function f* such that f*(t) = fsp (t) almost surely and is right-continuous at each t. Since f(f) = lim; .o fi(t)
almost surely, we have f*(f) = f(t) almost surely and hence f*(f)eD. O

Proof of Proposition 1. By the definition of C*(¥), for any € >0, we can find a policy m such that C(%¥, 1) <C'(%) +e.
We apply the same policy 7 to the state ¥ and denote ¥; and ¥} to be the states under 7 with initial state & and %’,
respectively.

cx%q—cwm—escaﬂn)—q%no=EL/wfﬂm@am)—m%®»wt
0
sh{/wfwwno—%amﬁzAmu%%m
0

By symmetry, we also have C*(¥) — C*(¥’) — e < Md(&’,X). Letting € — 0, we have that C*(¥) is Lipschitz continuous. O

Proof of Proposition 2. For any given state x = (xo, x1,-+, X,—1), if we let x,, = x,_1 +y', we can rewrite

¢ "0y = Kl + Ky — K
+aE [CtT!{((xl,xz,'“, X1, Xn) —y'e + wie) + 1 (xo = y')]

and view ¢/”(x,y'y') as a function of (xx,,'). We next show by induction that ¢/ (x y'y') is L-convex in (xx,,y*) and
Cl"(x) is L*-convex in x simultaneously.

Since h"(x) is convex, Cg’” (x) is 0 and hence L*-convex in x. Assuming that Cm (x) is L*-convex in x. Since /"(-) is convex and
C&’{((xl,xz,---, Xn-1,%;) — y'e + wie) is Li-convex in (x1,--,x,,y*) for a given w;, by lemma 1 in Zipkin [24], c,T'”(x,yT,yl) is
Lf-convex in (x,x,,y*) as Lf-convexity is preserved by expectation. Thus,

C/"x)= min {c¢/"(xy",y")} = min {ryr}ig{cf’”(x,yT,yl)}}

Xy 2Xy-1,yt >0 Xp2Xy-1

is Lf-convex in x by lemma 2 in Zipkin [24] as minimization over a sublattice preserves L*-convexity.
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Proof of Lemma 1. a0y (2))
1. Since (&, &) is a linear function of (&7, &), we only need to show the monotonicity of C+ Foranye>0and %; <%,
where %1 (f) %2(5) q)gur €&l (%1) \% CDrT,n (%2) q)gur €&t (%2) and ®5T+€"El (%1) A q)n’gl (%2) (Dg gl (%1) Since C*(%) is Lh-COI‘lVEX
letting &; = & = 0 and F = C* in Definition 3, we have
C' (D110 (%1)) + C'(Dgr 21 (X2)) 2 C' (Dt .0 (X)) + C'(Dgr 2 (1),
or
C(DPery e, (F1)) = C'(Dgr 1 (H1)) 2 C'(Dgry 6,6 (%)) — C' (D 01 (%)),
which implies the monotonicity of M
2. For any €,a>0, letting F = C*, ¥ = (Dé'( 0(®), Xy = Derycp(X) and (&1, &,) = (0, —a) in Definition 3, we have
C'(Dgr a1 (X) = 0) + C'(Pgr4 .6t (X) = (—a)) = C'(Per 1 (&) — (—a)) + C'(Dgry e, (X) — 0),
aC* (g1 o1 (%) +a) S aC* (@1 1 (%))
T o

which implies , and the result holds.
3. For any € >0 and &1 > %, letting F = C* and (&1, &,) = (&, € + €) in Definition 3, we have

C-&)+CE-(E+e)2C -5+ C' 1 - (E+e),

which implies acﬁ(qjg'g(%l)) Zac*(qasg (%2)). Replacing %1 and ¥, by @gio(¥1) and @i o(¥2), we have that M is decreasing

in¥. O

Proof of Equations (27) and (28). Note that, under the periodic policy ", adjustments can only be made at T} = %’ and at the
amounts (5;”, é?l) fori=0,1,2,---. For convenience, we use T; to represent T and (EZT, Ef) to represent (E}’T, é?l) fori=0,1,2,-- in
this proof.

e On the event A, rewrite C(X’, ") as

T N(e)
E[ / e " h(%;(0))dt + Ze il EH| +E
0

[ o+ 3 e‘%((sﬁ,é%)],
Tnee)

N(e)+1

where the second item is the discounted control cost given initial state &7, o, and is thus always larger than or equal to the
lower bound E[e VIve C* (96’ )] Hence, we have

Tne) N(e)
C&,n"=E / : eV (@ (0))dt + Z e /Tip(&l, &N +E[ ~rThe C*(%TNU) (A1)
0
Note that the optimal cost C*(¥’) can be written as
N(e)
Ce)=E| Sl c ) - e e,
=1 (A2)

N(e)

+B| 2 TIC ) - C Ol +E [ moc @, ).

By the optimality condition (6), the first term in (A.2) is smaller than

N(e)

>E

i=1

T; TN
/ e"”th(%;(O) + Wydt| =E [/ e_yth(%;(O) + Wt)df]. (A.3)
Tiz 0

By the dynamics (2) and the definition of C(¥, &', &), we have C'(%#7,) = C' (@ o1 (X7,0)) = C&7,, &LEH — ¢(&l, &, and the
second term in (A.2) can be written as

N(e) N(e)
E| > e C#,-,0,0)~ C&y,_, &, EN]| +E Ze"’T‘¢(£3/€%)]- (A4)
i=0 i=0

Let A denote the event where {Ty() <7’} and A° its complement, and E4 [X] = E [X1(4] for any random variable X. Then
(A.4) can be bounded from above by

N(e)

E, Z” [C(%,_,0,0) — C(&G_, &L ENI| +E

Z e T(El, & ] (A5)
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after dropping the term E 4 - ]. Since C(%,0,0) — C(X, &, &) is always nonpositive for any (%, &', &) by Proposition 4, and
C(¥, &, &%) is convex in &' and &', respectively,

C(#7,_,0,0) - C&y,_, &, &
[C@r,_,0,0) — C@&r,_, &L, 0)] + [C@F _, &],0) = Cy_, &1, &)
__9CE,,EL0) ,  ICEHs &L ED

= FI =i P i

IC(D o(%7,), 0, 0);T IC(#%,0,0)
- J&! o T (A.6)

On the event A, for any k<N), (Wr, T;) is in the set (@ — w,$ — s) + B(0). Consequently, (w + Wy, s + T;) is in (@, 5) + B(9).
Moreover, the cumulative amount of upward and downward adjustments at time T; is less than 6, which means Z,-S;{EH

ikl <e<6. By (2),
d(05(20) + W, %7,) < d(05(%) + D, 0, 1) @) +w+ W) + S0+ D3]

i<k i<k

< d(@3(®) + 1,0, , 1)(X) + ) + A0, 1)(%) + 7,0, 1)(®) + W+ W) +6
<(s+ T, — §)y%(0) + 26 <35.

. IC(Py1 (E7,),0.0) aC(#;, ,0,0)
Similarly, we have d(o5(¥) + @, D1 o(¥7,_)) <30. Thus, by (24), we have ——5——>ko and —5i— >ko. That is, (A.6) is
bounded by —ko(&! + &) on the event A. Consequently, the first term in (A.5) is bounded from above by
N(e) )
Ea | > = %ko(E] + ED| < —P(A)e " koe. (A7)
i=0

Plugging (A.3), (A.5), and (A.7) into (A.2), we have

TN N(e) )
C(¥)<E / e h(E0)dt + > eV TiP(E], &) + eV e C'@r,)| - P(A)e " ke.
0 i=1

Comparing it with (A.1), we have
CE', ") = C (%) + P(A)e"°koe = Vi (0, 0) + P(A)e " koe.

¢ On the event A¢, rewrite C(%’, 7"") as

E[ / e o)t + e e + E
0

T;<t’

[ erneeonar + e @*)].
v Tt

Similar to the argument in (A.1), the second term is greater than E [e‘”' C*(%’T,)]. Dropping the nonnegative item E, [ -] in
the expectations, we have
C&', )= Eye

/ e o)t + e, e + B [e-)'f’c*(%;,)]
0

T;<t’

ZEA“/ e (o (X7)(0) + Wi)dt
0

+ Ege [6’7’7' C'(oe (X') + WT/)] - % (A.8)

The second inequality follows because, on the event A¢, the cumulative amount of upward and downward adjustments by
the stopping time 7’ is less than €. Thus, by (2), the distance d(os(%¥’) + W,, ¥7) <€ for any 0<s<7’. By Assumption 1,
|h(X2(0)) — h(os(X')(0) + W;)| <Me, and by Proposition 1, |C*(o4(&X’) + Ws) — C*(%%)| < %d(as(%’) + W, &) < ’;46 for any 0<
s <7'. For each of the expectation E4[-] in (A.8), we can write it as the difference E[-] — E4 [-]. Since the process (W, t) does
not go out of (0 —w,$ —s) + B(0) before the stopping time 7’, the shifted process (w + W;, s +t) is always in (@, §) + B(0) for
all 0<t<7’. Then, for the E, [-] terms, we have the following bound:

E4 [ /0 : e (o1 (@) (0) + Wy)dt

+Ey4 [e’”' C(ow (') + WT,)]

= E, [ / e (01 10)(0) + w + W)dt| + B [e'ﬂ’ Vig(w + War, s + T’)]
0

<P(A) /0 "t + P(AV = P(A)Sh + V), (A9)
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where 7 = SUP () (@8) + B(é){h(as(%’)(O) +w)}<oo and V = SUP () (d8) + B(é){Vge(w, s)} <oo, all independent of 7’. This means
that C* (00 (X’) + We) = Vg (w + W, s + ') <V and I(o/(X)(0) + Wy) = h(0s+(X)0) + w + W,) <h for all t<7’. Plugging (A.9)
into (A.8), we have

c',m)>E / " T (ou®)(0) + Wt
0

+B[e7 o () + W) | - 22~ PG +7)
Comparing the above with (26), we have
C(&’, )= Vg (0,0) + co — % —P(A)©Oh +V). o

Proof of Proposition 6. Since C*(%) is L*-convex, the partial derivatives 229 and PVelws) exist almost everywhere.

Jw?
Moreover, 213 = o€ (G“(x ) By part 3 of Lemma 1, 22 monotone in s. So the partial derivatives s Yi(.3) exists almost

QV((w s)
o5

everywhere and hence exists almost everywhere. Then by the optimality condition we have

’

Vy(w,s)<E / eV (s + 1) + w + Wydt| + E [e7 Va(w + Wo, s + 7))
0

for any stopping time 7’. Combining with the existence of above three the partial derivatives, we immediately derive that

WVaw,s) o*> PVgw,s)  IVe(w,s)
ds +7 dw? T Jw

holds for almost every (w,s)eRxR,. O

— yVa(w,s) + h(%(s) + w) >0

Proof of Proposition 9. We only prove the result for ¢"(%, Y*, w). Suppose the above equation does not hold—i.e., there exists ¢
such that w >0 and ¢ increases at f.

If ' (t) > ' (t-), then there must exist €, § > 0 such that ' (t) — ' (t-) > € and, for any ¥’ € D that satisfies P, (%X, %) <e+ 6248 “ft(f)
and w >0. Hence, the following upward adjustment,

YV () = {Lp (u)— €, ueltt+9o),

Yl (u), otherwise

is strictly less than 1. Following a similar argument as in the proof of Proposition 8, we can show that YV eI, Y, w),
which implies that ' cannot be the infimum, a contradiction.

If Y'(t) = P'(t-), there must exist €,6>0 such that P'(s) — P'(s—)>e€ and %{E}O’O) >0 for t<s<t+0. Then, the following
upward adjustment,

Y’ () = {1/;T(t), ueftt+9),

Y'(u), otherwise

is strictly less than ¢. Similarly, we can show that Y" € IT'(¥, Y*, w), which implies that ¢" cannot be the infimum, again
a contradiction. Thus, the proposition holds. O

Proof of Lemma 6. The proof is quite complicated, thus we give a road map. Essentially, we prove that, for any fixed T >0,

CO, ) = C' () + E[e7TCH(&3)]| - QEN(T) + 2)Ms

T 0C(&?,0,0) T _0C(%2,0,0)
943 T yt tr=r L
+E /O e dy (t)+/ e Jer dy (t)]
<E / T HEO)dt + K / A (1) + K / e’Vde”(t)]. (A.10)
T T T

Once this is proven, let Ry(¥%,5,T)=E [f 0e 11200 gy 4 f Ze*w%g;‘“’)dw(t)] and Ro(T) = E[f5 e h(#2(0))dt +
k' [ et dY ™ () + k[ et YV (5] - E[e7TC(#3)]. Then (A.10) becomes

CO%, ') < C' (%)) + (EN(T) + 2)Mb — Ry(%, 6, T) + Ra(T). (A11)
By (4) and the Lipschitz continuity of C*(¥), we immediately get that Ro(T) — 0 as T — 0. For Ry(%, 0, T), it is easy to see
that ¥ > %; as 6—0, so _acg;ow BC(X’

converges to 0.0) by part 1 of Lemma 1. By Lebesgue’s dominated convergence

theorem, the upward adjustment cost E |/, e’VtaC(:;%—aOO)dYT*(t) converges to E |/, e’V’%dY“(t) , which equals to 0 by
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T 9pd
Proposition 9. Similarly, for the downward adjustment cost, we have that E / 0 e‘VtngY“(t) converges to 0. Thus,

R1(%,5,T)—0 as 6— 0. Finally, since |C'(¥X) — C*(¥3)| < M6, the lemma holds.
The remainder of this proof is devoted to showing (A.10). To this end, we apply the following double telescoping to C*(%3) —
E[e7TC*(%%)] to approximate CO(%, 7t°).
1. In the first telescopmg, we write C(¥3)— ]E[ e?’TC*(%5)] according to the partition of the interval [0,T] by
O—TO<T1< <TN(T <T.
C(%) - E[e7TC(%9)]
N(T)

-5 |ertic (w2, ) —eic (#) ]|+ E

N(T)

Pk Lles (96‘;, ) —eTC (%g)]

-E %T]) [IE[ i (%b) _eric (953}?) 91” (A12)
E[ e (%bb )_e—ch* )| .. ” (A13)
) N(T)

2. Next, we examine all of the terms in (A.12) and (A.13), and apply a subtelescoping on each of them. We construct
a partition of the interval [t}_;, 7}| by ©0_; = 10 <t1 <... <i, = 1} for any 0 <e <& where

A~ . * * * * e
by = inf {u 1> 10, (000 = Y™ (1) V (00 = Y2 (0j0) 2 5
lk/]' = /L\k,]‘ N (lk,j—l + E) N T}?+1I

forj=1,2,--,ji. It is obvious that ji is almost surely finite. We define Y'® and Y*¢ piecewisely on the interval [7}_,, 75| as
Y™ (u) = Y™ (ir,5) and Y*(u) = Y¥*(1,5) for 1x; Su<iy;41. It is obvious that they are step functions with jump sizes bounded by §.
Let &% be the state at time t under policy (Y'¢, Y*¢) with the initial profile ¥ and define

%F =0, if t<1l,
€ S i O 0
oo = JAF +0, if 15, <t<1y,
€ ; O 0
A —o, if 15, <t<Ty,,.

For k=1,2,---,N(t), based on the second step of telescoping, we estimate (A.12) as

% ]H

E [IE [3‘7’724 C (%2£—1) —eruce (%b )

=l ey ) - ()| el e () - ()7
+E|E et (96‘2{1) —eic (96‘};) Fa ||z - 2Me+E ]E[e-m c (%5;1) —erier (#)| 7y
= -2Me+E|E []21 e V-1 C (%b € ) — e VkiC* (%fkf_) Fo ||+ E é}e‘WC* (96?;) — e VwiCt (%f’kf_ ) . (A.14)

The last equality follows as a result of telescoping on the partition T0_; = 0 <11 <... <, = 0. Since there is no upward
or downward adjustment during [Lk,j_l,Lk,j), the second term in (A.14) becomes

=E|[E Ze V‘WE[VW (0,0) — g7k tks- 1>V%m Wiy =Wt = tjo)l Fy 1]
/=1

[k]'l lk;

9712 1:|:|

“E[E Ze-ww—lna[ / T (0 ) + W) du
i= 0

o

T
/ ' e‘}’”h(%Z(O))du} ase—0.
TO

k=1

T
‘/lk,y—l ] '/Tz,

:IE>]E Z ‘V“h(%ﬁ'f(O))du

= L j-1

n

T
/ L (I (0))du
Tb

k-1

=E —E
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By the definition of %? and %2¢, we have ¥2¢ € E for any t >0, which allows us to apply Theorem 3 and Corollary 1 to the
second equality with &’ = %if as an initial state. Since #%¢(0) — %5(0) and h (%Z’E(O)) is dominated by h(%¥2(0)) + Mo as
-1

€ — 0, convergence is established by Lebesgue’s dominated convergence theorem.
Denote A,L]. =Y'(y,) - YTE(LkJ—) and A}C’]_ = Y'(ij) — Y*(1j—). Then, the third term in (A.14) can be written as

Vi C (%ie—’AII]’ ) — e % C (%?e_,o 0)

ji . i 6 k (A.15)
~Vikj Vi C* 5,€ " e _
E ]Zzl]e i (AL, AL) [+ e c (#0) = ¢ (0 + (-1)¢29)|
Jk )
(> e7C (%05, AL, AL) —e wk,c(%grf,o,o)}

Flf (A.16)

k
+E Z e—)’lk,i(Z) (AITc,j’ Alt,j) —2M5,

=

where the last term in (43) is due to the fact that, in addition to the jumps (Ak i D ]k) 96‘35 also includes the jump
caused by 6 at i, = 0. The second term in (A.16) is the total discounted ordering cost under policy (Y'¢,Y') and will

+E

-1

.[6
converge to ]E[kaTﬁ eVt dY™(t)
k-

TD
klng e"/‘dY“(t)]. The first term in (A.16) can be written as follows for some
k-1

(11 (w), u2(w)) €[0,5] % [0,5], which is also a discrete Riemann sum of an integral

oC (20 m(@) (@) | IC(#,m(@), @)
5 AL+ = AL

Jk
j=1

% dC(%?,0,0) ... T 9C%2,0,0) .
e It T ) gyt ytZ AT F) gyl
/Ta 6 ay (t)+[ e o2& dy*(t)

—E

'
k-1
because max;j=12,... ;Ar; — 0 as € = 0. Letting € — 0, each term in (A.12) is greater than

o

0 0 T o)
—oms+E| [ e dCELO0) pyy [ 0CH00) fyny
T o¢t T, act
(A.17)
w0 w0 w0
+E / e " h(X2(0)du| +E kT/ edY™ ()| + E kl/ e dY (1.
G G T
Following the same argument, (A.13) is greater than
T S T 5
—-2M6+E / e'?’twwﬁ*(t) + / e—VfwtiW(t)
o : o : (A.18)
T T
+E / e h(%(0)) du| + B [k / Ay ()| + B |k / Y.
R N N

Plugging (A.17) and (A.18) into (A.12) and (A.13), we have that

C(#3) - E[e?TC (%)] - E[2N(T) + 2]Mb

T T T
>E / ¢ TR (0))du +kTE[ / Y () +klE[ / e-del*(t)]
0 0 0
T _.0C(%?,0,0) T _.0C(%?,0,0)
yEZ =\ 2 ) gyt pt@ AL Y V) oy s
+E /O e & dYy (t)+/0 e S8 dYy (t)].

Combining the above with the cost function C°(¥, ") defined in (39), we have (A.10). O
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Proof of Proposition 11. It follows as

]E[ / e‘th(Ht)dt]: / OO, )
o

:E/ VEOR(Hy + Wy + (8 +0) = F(E+ ) + Y (E+ €4 - t’T)—Yl(t))dt]
0

:E/O

=K / e ORW, o — Wi + Ho(b) + YI(E - €) - Yl(t))dt]
0

8

e ORW, o = Wi + Wi + Ho + F0(E+ 65 = X5 (6) + Y (E =€) - Yl(t))dt]

=B [ OB e = W T O
0

=E / e'E [eﬂ/f‘h(%t(oprm)dt]]
L/ 0

=E / e‘}’tﬁ(%t(()))dt].
0
s L —vt . 1
t 7 =1
The cost difference E[f o€ h(H, )dt] is a constant because, for t<¢

Hy = Hy + W; + Z() - %4() + YT (t = £*) + Y'(t = £') = Hy + W, + L} () - X4(). O
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